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> Unit - VIII

@

Laplace Transforms - 2

8.1| Introduction

In this unit we discuss Inverse Laplace Transforms which can as well be regarded as
the reverse process of finding the Laplace transform of a given function. We also discuss
convolution theorem which helps in finding the inverse Laplace transform. Finally we
discuss solution of ordinary differential equations and simultaneous differential
equations with a given set of initial conditions referred to as initial value problems. This
method is highly useful in various branches of engineering. Finally we also present a
few applications.

8.2| Inverse Laplace Transforms

We have made a mer_ﬁion of this while defining the Laplace transform of a function
fe) I L{f(8)] = f(s)thenf(t) iscalled the inverse Laplace transform of f(s)

and is denoted by ot [7( s)]
Thus we can say that,

LIAY] =f(syas L fs)] = f(t)

Observe the following illustrations.

L(1) =%:>L‘1 E] =1

s

L{cosat) = ~-—S—--2- = [ ( T3

2 §+4a

= ¢os at
s +a

We revert the table of Laplace transforms of standard functions given earlier to present
the basic table of inverse Laplace transforms.
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EFunction Inverse Function |
Transform I
1 1
1 — 1 5 5 |
5 sT+a
2| L At 6 1 .
5—a —a
S R S B e
3 1 |
7 - |
- Hn>-1) i‘
! s i 1
4# s — g2 cosh at } 8 n+1
n=1,2,3.,
| ] i

Inverse
Transform

sin af
a

sinh af

We present a few illustrative examples based on this table of inverse Laplace

transforms.
1. 17! ;’%TJ = 2, L1
3. L1 28 = cos 3t 4. 17!
5°+9
_ 1 -~
5. L' =ism(x/5_t) 6. L7}
s +5 5
3
1y t” -1
7. L ;Z] 31 8. L

1/2 t1/2

1 t
S3/2] Cr(372) 1/2-Vn

2

Property : ! [c17(5)+c2§(s)] = ¢ L_l[j_"(s)]+c2L'1[§(s)]

WORKED PROBLEMS

Find the inverse Laplace transform of the following functions

s+2

4s ~1

25-5

2436 s2+25

4s

1 3 4
1. - + e —— s ———
s+2 25+5 3s5-2
3. 25s-5 8~ 6s n

152425 16s%+9

8s*-50 9-s>

t
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(s+2) 3(s2-1)?
5. 2= S 6. “—g
s 2s°
1 3 8 35+5V2
7. g o L e
sVs T 245 s ° 248

-1 1 3 _1 1 4 _q 1
1 T 2L
L [s+2]+2L [s+5/2} 3 [3—2/3J

=243/ g3, A3

-1 S -1 1 -1 5 -1 1
2. L +2L +4L -L
{52+62;] [32+62jf {52+52} [32+52}

1 .1 1 3.1 s
S Al [ i T [ a—
2 s24(3/4)% | 8 [52+(3/4)2

il

2
=1/2-cos (5¢/2)-1/2 -sin(5¢/2) +2/3 - sin(3#/4)-3/8 - cos (3t/4)

4, L_l 25-5 _L_l 4s
2 (4s%-25) s2-9

l -1 1 451 s
2L [25+5} i [52_32}

=1/4. e 32 _ 4 cosh3t

1 52 Y14 3
cos (5t/2) ~ 15 sin( 5872 ) + 33 s_m\(”:.’ft/ﬁl) g €08 (3t/4)

: L_l[s3+652+123+8J
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2 3 4 5
t t t t
=E+6-§+12-E+8-§
—t2+t3+ﬁ+t—5
2 2 715
3 _1{54—252+1}
6. =L
2 P
L R NS T P Sl (e
2 s $3 &
2 4 4
w2 q o B 32
'2[1 2 2!*41}‘2{1 t +24}
-1 1 ~1f 1 -1 1
[ e[ ()
5 S
~ t1/2 '3, i’3/2 e 15—1/2
CT'(3/2) r¢52) T (1/2)
_ Ve, ENE 8
172 T(1/2) ~3/2-1/2-T(1/2) vt (1/2)
2Vt tNE 8

B N~ v
2 4
=W[x/z+zwz-ﬂ

Computation of the inverse transform of ¢~ f(s)
We have proved that L[f(t-a)u(t-a)] = ¢ % f(s)

Cl'e®F(s)) = f(t-a)u(t—a)
Working procedure for problems

2 In the given function we should observe the presence of ¢~ first and identify
the remaining part of the function to be called as f(s).
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S Taking the inverse of f(s) we obtain f(t)

S The required inverse of ¢”* F(s) is obtained by replacing t by (t—a) in
f(t) tobemultiplied by the unit step function u (t—a)

WORKED PROBLEMS

Find the inverse Laplace transforms of the following

1+ 3 267% 37
9, - 10, —+ —~——
;2 27 3 s
b s s -
cosh 25 1-¢ ° - 25
L 4o - 2-¢
11 3s 2 12. ,(,,, ——— . .).%..‘____)
s E
s
@—T[s 58—21'!5 Seﬁ."/z.;.r(; »
13 > 5 14. e
sT4+1 55+ 4 §°+ T

S2 L 52
-—351
Thus L 1[1:‘; | =t+(t-3)u(t-3)
(—5 - 25
-1 1 ~1) ¢ K
10. 31 [52J+2L l(s3 J—3L [ " ] (1)

Hence (1) becomes,

2
3-t+2g:‘,z-1lu(t—1)—3-1-u(t——2)

3, 2¢° 3531
& & 5]

=3t+ (-1 u(t-1)-3u(t-2)
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-s\ - 55
Now, L‘l{“’s“s} - %{L‘l[e—z |+L“1{—€—2~JL But L"1(1/52) =t

|

Thus L_l[cegfl.t:;}=%{(t—l)u(t—1)+(t—5)u(t—5)}
(1—85)(2 8”25) 2 _2p"5_ —25+€—3<
12. =
53 33
_ _ a5 9 25
Now, Ll[(l ¢ )5(3 e )}
-5 [ -2s - 35

$ \ s ) Ls" ) L)

But L (1/53) =t2/2

[(1-.«3‘5)(2—525)7[
s ]

=P - (=1 u(t-1)-

Thus L}

(t-2Yu(t-2) (t-3)Pu(t-3)
2 + 2

52+1

We have L_l( ! ]:sin t, L_l[—zs——]zcos%
Hence (1) becomes,
sin(t—-m)u(t—m)+cos2(t-2r)u(t-2m)

Pt 56—21:51'

= —sint u(t—-")+cos2t u(t-2m)
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-1 -5/2 el -1 -5 A
14. L e ——== |+L e .. (1)
( szsz ( 52“;2}
_ s -1 L .
Wehave ! =cosTt, L = ginmi
(sz-kan [32+ﬂ2]

Hence (1) becomes
cosm{t-1/2)u(t-1/2)+sinw(t~1)u(t~1)

=sinut u(t-1/2)—sinnt u(t-1)

[59_5/2 + e

< g1
Thus L i ERg)

J =sinntlu(t-1/2)~u(t-1)]

Inverse transform by completing the square

We have the property that if LIf(t)] 27(3) then L[e”tf(t)] =7(s—a).

This implies that
L f(s)] = f(1) (1)
and L_l[f(s—a)]ze“tf(t) .- (2)

{2) as a consequence of (1) becomes

CHF(s—a)] = & 17 [F(s)] - 3)
Working procedure for problems

¢(s)

2 Given f(s) = ,
ven f(s) (p52+qs+r)

we first express ( p52 +gs+1) inthe form (s —a)* £ ¥ and later express
¢(s) in terms of (s-a) so that the given function of 5 reduces to a function of
(s—a).

2 We then use (3) to obtain the result.

2 However if f( $)=0(s)w(s~-a) we only need to express ¢ (s) in terms of
{s—a) tocompute the inverse transform.
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WORKED PROBLEMS

Find the inverse Laplace transforn of the following functions

2
15- 7._2_5__.. — 16 —— E_ ——
2 .
s°—6s+13 (s+1)
. ) 2s -1
17. ( s+ g)__[_ 18. "'?: & T
(S+1)4 sT+4s+29
+1 ;s
19. 2_5_ - 20 — ,{ ,,,,, -
sT+6s+9 (s—4 )
1 25 +
21, _25_#,,7 2. _..2___4___1_,,,
55+s+1 5 4+3s+1
23 __fv7s + %.__ 24 ﬁ,,,ilu._ + —_ .},7,
32+ 45+49 (s+4)72 V25+3
_ 5 _ +
15 -} _2_f'iw _ -] _Sméf_
§s°—65+13 (s-3)Y +4
. - —-3+43+5 _ -3)+
(s=3)y+2 (s=3)Y +2

Here 2 = 3 and (s-3) changestos

. _ s+ 8
ie., :e3tL1 —ﬁ
5542

S $ -1 1
= ¢ L + 8L
{ £52+22} (52+22J}

= ¢ (cos 2t+45sin2t)

16/ Here we need to express $* interms of (s+1)
N,

o= (s+1)P=25—1=(s+1)y=2(s+1)+2-1
ic., 2= (s+1YP-2(s+1)+1.

-1 52 _ - (s+1)2-2(s+1)+1
(s+1)° (s+1)°
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Here 2 = —1 and (s+ 1) changes tos. Hence R.ILS becomes
2 '
LN Al -k Y NS | AN I
83 s 52 83

17. Let f(s) =
<t J{s) (s+ 1)

We shall first find L™![F(s)] = f(+)

L*l{ s+24 :L_IFEH)TJ”_tU{STJ
{(s+1) ] (s+1) 8

o[ (1))
{s+ | 5 8

1 1 ¢
Using L~ ( J = — weget

n+1 !
s H

2 3 2 3
23 e
flt) =e [2!*31]"‘“’ [2+6J

Next we have Lml[e_sf(s)] =f(t-1)u(t-1)

Thus L_l[e_S s+2 :!: e_(t"”{(t_1)2+(t_1)3}u(t—1)

2 6

ITRP A - Leb S S SO LD N R ——~——2(S+22)_5
' s%+ 45 +29 (s +2)°+25 (5 +2)2+25

, -2 ,-1] 25-5 “2t o185 ) -1 5
, = L — L =9 2L L
“ ‘ {52+52} { [52+52J (52+52J}

_2s-1

sz+4s+29

} = ¢ *(2cos5t- sin5t)
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_ +1 _ -2 _ _ -
19. 1! 2_5__ _ -l ﬂ)_z_ _ o3ty %
s°+6s+9 (5+3) 5
ie., :e_3r{L_1(1}—2L_l[%J}
8 5

Thus L1 [——SL] = ¢ 3(1-21)

20. Let f =
et i) (5—4)2

IOV L"l[( 4)2} : e‘”rl[l?_J =Mt f(h)
.

But L' [e®F(s)) = f(t-4)u(t-4)

-4s |

21, 24s5+1 = (s+127°-1/4+1 = (s+1/2Y + (327
—1 s+1 _ 11 (s+1/2)+1/2 _ o2l 5+1/2
L3 = 2 2|7 ¢ 2. (\B/2
sT+s+1 (s+1/2) +(V3/2) sT+(N3/2)
. 2| p-1 s 1 -1 1
e, =e Y —— 4L
{ L%(@/zyz} 2 L%(\@/z)zﬂ

Thus L! [w—sfl—] = ¢ ¥2{cos (V3 t/2)+1/43 - sin (3 /2) |

22, s2435+1 = (s+3/2)2-9/4+1 = (5 +3/2Y - (V52 )

L‘l{ 25+1 }:L‘l{ 25 +1 }
2 +3s+1 (s+3/2) - (¥5/2)
o] 2(s+3/2)-2

- [(s+3/2)2—(\’§/2)2}

723 Yt L N Yo I
) { [s%(xfg/z)z} [52—(\/5_/2)2

-1 [2_2&:1_] = ¢ 322 cosh (V5 /2) - 4/\5 - sinh (V5 £/2) }
s
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23. Consider 4s2 +45 +9

= 4(s%+s+9/4) = 4{(s+1/2)2+2]
Hence 7s+4 = 7{(s5+1/2)+1.2

Now -1 7544 | _1..1[7(s+1/2)+12
45 +45+9 | 4 (s+1/2Y +2
—t/2
. e -1 s 1 4 1
e, = L = 45—
4 { [52+(\/5)2:l 2 L%(vz)zj}
- 7s+4 e 1
Thus L1 = —si
us [4sz+4s+9:, 3 {7cos(\/2—t)+2{2—-sm(*f2_t)}

_ -4t ,-1f 1 RS 1
5/2 |72 Vs +3/2
o t%/2 +e_3t/2 L—I 1
r(5/2) V2 Vs
3V

But TI'(5/2) = 3-1-x/1?=

-1 1 ~1 1
Thus we have L [m_(5+4)5/2J+L [MJ

e 3t/2 t—]/2

4 4,31
== M2 L B2 =
3vn ¢ VI T(12) "utT(2) = e

& 3172

= \I,?{E" t *T/zT}

Find the inverse Laplace transform of the following functions.

s 2

25, 2. — §
S4+4a4 ' . S4+4a4
2 2, -2
yy 2(s"+2a%)e ® 28, ﬁcl_s_zu_m
sty a4t S+s5°+1

Note : In these problems we factorize the denominator and express the numerator interms of
the factors of the denominator by simple adjustment.
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25. st+da? = (s2+ 2% )Y 44?2

ie., strant = (524207 + 245 ) (82 + 245 - as) o (D)
Also das = (32+2u2+2as)—(52+2a2—2a5)
s 1 | (5% +424° +2a5) — (5° + 2a° - 2as)
Now ——— =4 2, 2 2.2
s +4a (s"+2a°+2as)(s°+ 20" —2as5)

) 5 1 1 1
ie., = — -
st + 4g* 4“{52+2a2—2a5 52+2a2+2a5}
-1 5 1 -1 1 -1 1
L =Y —— |-
{s4+4a4} 4”{ {(s—a)zdraz} |:(s+a)2+a2H
SN DTS | IO S BT IO | (R
4a +a? 4 a

B l{e“ sina_t_e_at sina{}

4q a a
Thus I~} s _ sinat{ el e_“t} _ sinatsinh at
s iad 24 2 24

26. As in the previous problem, we have,

s 1 1 B 1
stiagt M (s~—a)2+a2 (s+a)2+a2l

Multiplying by s we have

2
5 1 S _ §
st 4t 4‘1{(5—at)2+.az (s+a)2+a2}

or s :_1~{ (s—a)+a (s+a)—a}
stiagt WM (S-a)2+af2 (5+r:1)2+.:12
2 -
-t gahe 22
e., = 4}&{eaf(cosaHsinat)—e“"t(cosat-—sinat)}
1 eat_e—at 8M+€"M
= AZE{ —“Tcosaﬂ—z—sinat}

2
. - 1
Thus L 1[—5-—] = ﬂ( sin h atcos at+ cosh atsinat)
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27. Wehave s*+44* = (52+2a2+2as)(52+2a2—2a5)
Also  25% +4a% = (5°+24% +2as) + (% + 2% — 2as)

-1 2(52+2a2) —L"I: (32+2a2+2as)+(52+2a2-2a5)
s* + aq* [ (52+2a2+2as)(52+2a2—2a3)

Il

-1 1 1
2. 52 L t a5 :
s°+2a°-2as  §°+2a° + 2as

L 12 2 w17 12 2
(s—a) +a (s+aYy +a

atp—1 1 —at ;-1 1
¢ 'L — I+ UL —_
LZWJ [szmz}

sinat  _,p sinat  sinat - 2 .
e”’-—TﬂJ M'T = ——a-“(e““re al =Esmatcoshat

It

Thus L“l[—%——z(:z*hzf)e_zs}

28. s'+5°41 = (2412 — = (P +1-5)(2+14s)

Also 25 = (52+1+s)—(52+1—s)

s 1 (52+1+s)—(s2+1—.~:)1
strgter 2 (32+1+s)(32+1—s)J
. § 1 1 1
S S D) B S
s +5°+41 5—=5+1 s +s5+1

NOW L_l T‘ST‘— = v:—l— th ?1—_ _L'—l .Tl.___.
s 4+s5°+1 2 sT—s+1 5+s+1

ie Ll ! -1t !
! 2 (s=1/2+(V3/2)2 (s+1/2) + (V32
1| ¢2,-1 1 -2 -1 1
- = I - - _ L - =
2)° [sz+(\/3_/2)2 ‘ S+ (V3/2)
=%{e"z-%sm(\fit/z)-e‘”z-%sm(x/s't/z)}
> /2 112
=@sm(\/3_t/2){—~—2r—~

- s 2
Thus LI '| —2— | = “gin V3 #/2) - sinh(#/2)
[s4+sz+1} 3 (
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Inverse transform by the method of partial fractions

We know that, the method of partial fractions is a technique of converting an algebraic
fraction ¢ (s)/w(s) [where degree of 0 (s) is less than that of w (s)] into a sum.
Depending on the nature of terms in y(s) we have to split into a sum of various
terms with constants A, B, C, D, -- which can be determined. Later the inverse is
found term by term.

Find the inverse Laplace transform of the following functions.

1 2 -
s(s+1)(s+2)(s+3) TP e 29
2 2
31 —23§+— 32. S
s“—5-2 (52+1)(sz+4)
4s +2
33. 5;5 3, SY2
(s+1) (s+2) 5°(s5+3)
+1 - 3s 55+3
35, (3s*l)e ~ 36

(s—1)(s2+1) D (s—1)(s°+25+5)

37 s +25+3 '
D ($2425+2)(s%+25+5)

1 A B C D
==+ + +
s(s+1)(s+2)(s5+3) $§ s+1 s5+2 543

29, Let

Multiplyingby s (s+1}(5+2)(s5+3) weget,

1=A(s+1)(s+2)(s+3)+Bs(s+2)(s+3)
+Cs(s+1)(s5+3)+Ds(s+1)(s5+2)

Put s=0 : 1=A(6) L A=1/6
Put s=-1 : 1=B(-2) .. B=-1/2
Put s=-2 : 1=C(2) s C=172

Put §5=-3 : 1=D(-6) s D==-1/6

i 1
Now, L {s(s+1)(s+2)(s+3)j|

101 1,09 1y 1 g 1 | 1.ap 1
6L 1:5} 2L {s-kl}ip?-L {s+2 6L s+3
1
2

-1 1 _1_
Thus L |:s(s+1)(s+2)(s+3)]_ 6
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30. 245725 = s(2+5-2) = s(s—1)(s+2)

252 4 55 -4 A B C
Let = —+—=+
s(s—=1)(s+2) 5 s-1 s+2

Multiplying by s(s~1)(s+2) we get,

22 + 55— 4 =A(s-1)(s+2)+Bs(s+2)+Cs(s—1)

Put 5=0 P-4 =A(-2) ... A=2
Put s =1 : 3 =B(3) B=1
Put 5=-2 =6 =C(6) . (C=-1
Now L"]{ 257 +55 —4 }

’ s(s—1)(s+2)

skl

25 +55—-4 ] _

s(s=1)(s+2)

31. Note : The problem can be done by completing the square. Since the quadratic is
factorizable the method of partial fractions is preferred.

3s+2 A 4 B
(s=2)(s5+1) s-2 s+1

Let

or 3542 =A(s+1)+B(s-2)

il

Put s =2 : 8=A(3) A =8/3

Put s =-1 : -1=B(-3) » B=1/3

S 32 ] 8, 4[ 1 7.1, 1
L [(5—2)(s+1)}%3 [5—2}“31’ L+1J

-1 3542 _1 A, —t
Thus L {(T—z—)(s+1):' =3 (88 +e )
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2
$ .
32. We have and let s2 = ¢t for convenience.

(*+1)(s°+4)

¢ A B
(F11)(t+4)  £+1 t+a W

or t=A(t+4)+B(t+1)

We now have

Put f=-1 : -1 =A(3) .. A=-1/3
Put t =~-4 : -4 =B(-3) .. B =4/3

i - 1 4 1
Hence —1‘

(t+1)(t+4) 3 t+1 3 t+4

Substituting ¢ = s? and taking inverse we have,

2
-1 5
L
{(82-1—1)(52-#4)}
e 1 L 1
= —19L +— L —_—
3 !:sz+1} 3 [52%-4]

Thus, L“1]: ¢ } = %(ZsinZt—sint)

45 +5 A B C
2 =La1r 27
(s+1Y(s+2) S+1 (s+1)° s+2

33. Let

Multiplying by (s+1)*(s+2) we get,

45+5 = A(s+1)(s+2)+B(5+2)+C(s+1)° (1)
Put s=-1 :1=B(1) - B=1
Put s=-2 : =3=C(1y .. C=-3
Equating the coefficient of s> on both sides of (1) we get,

0=A+C .. A=3

Now L_l 45+ 5
’ (s+1) (s+2)

B S ! Y gL
s+1 (s+1) s+2
=3 fpe i [1s? ] -3 Y

- 45+ - _ _
Thus, L1|: s+5 ]:33 tyetit-3e
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34. Let 2—31—2—:~4+%+~9—
sT(s+3) S & s+3

Multiplying by 52(s+3) we get,

s+2 = As(s+3)+B(s+3)+Cs? D)
Put s =0 : 2=B(3) . B=2/3
Put s =-3 : =1 =C(9) » C=-1/9

Equating the coefficient of s° on both sides of (1) we get,
0=A+C ~ A=-C=1/9

- +2 1. _1]1 2 __1] 1 1. 1
A =—L —i+=L - [—=L —
Now l:52(5+3):' 9 [S}-’-S [SZ} qQ l:s.h?,}

Thus, L_1{52(5+f3)}=%(1+6t—e 3ty
s
35. Let Is+1 A +BS+C

(s=1)(s>+1) Ts—10 @244

or 3s+1=A(s2+1)+(Bs+C)(s-1) (1)
Put s =1 :4=A(2) ~. A=2

Put s =0 :1=A4-C -~ C=1

Equating the coefficient of s> on both sides of (1) we get,

0=A+B . B=-2

11 39+ 1 LzL‘] e PV S 4171 21
(s=1)(s*+1) | s—1 s+ 1 £+l

=2¢f—2cost+sint

Sl (se1y ¥

1
Thus, L > | = (272 -2cos (t~3) +sin(t-3)Ju(t-3)
| (s=1)(s*+1) |
55+ 3 A Bs+C
~26. Let = +
=3 (s—1)(s?+2s5+5) S-1 242645
or Bs+3 = A(s*+25+5) +(Bs+C)(s—1) (D

Puts =1 : 8=A(8) . A=1

Put s = 0 :3=58A-C ... C=2?2
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Equating the coefficient of s> on both sides of (1) we get
0=A+B .. B=-1
Now we have,

55 + 3 1 —542 1 2-5
2 = T2 = + 2
(s—1)(s2+2s+5) S-1 (s°+25+5) $-1 (s+1) +4

55+ 3 1 4r3—(.-9+1)
(s-1)(s2+25+5) 51 (s+1)%+4

-1 55 +3 =L_1{_1f L1 3=+ D)

(5-1)(s*+25+5) s—1 L (s+1)°+4)
e Lt 3-8
s +4

bt -1 _1 -1| _S
e +e 3L -L
{ l:s2+4} [52+4}}

Thus L‘l[ 55+3 i|=et+e*t[§--six12t—c052t]

li

2

2
+25+3
37. Consider 2 > 5
(L +25+2)(s°+25+5)
Let t = §2 425 for convenience
t+3 A

(F12)(t5) = t+2+t+5 (say) where A and B are constants.

or F+3=A(t+5)+B(t+2)

Put t=—2 : 1=A(3) =~ A=1/3
Put t = =5 : -2 = B(-3) .. B=2/3
£43 11 2 1 )
Hence ———t2 - 2.2 42 1 where t = 52425
enCe 2y (t+5) 3 t+2 3 t45 o tTe



INVERSE LAPLACE TRANSFORMS 419

2
Now, L_l{ 5+25+3 :l

(2425 42) (2 +25+5)

1 .1 1 2 1 1

L s s ——

3 [32+25+2} 3 [52+25+5J

Lt %12 +%L"1 ——le
(s+1)°+1| 3 (s+1)°+4

I ;-1 1 2 _t,-1) 1

~e 'L — |+=¢ " L

3 [52+1:| 3 P +4

2 ~t
- +25+3 1 4. 1 ;. . .
Thus, L 1[ > J= fsint+ e irsti‘=£3—(smt+suv121t)

It I
G | ea

3 3

[8.24_] Inverse transform of logarithmic functions and inverse suniciiss «

Given f(s) we need to find L_l[f(s)] = f(t)
We have the property :L[tf(t)] = ——f’(s)

Equivalently, L~ 1 [—j_f’ (s)l = tf(t) (1)
Warking procedure for problems

9 Inthecase of logarithmic functions we apply the properties of logarithms and then
differentiate w.r.t s to obtain ' (s).

S We then multiply by — 1 and take inverse on both sides.

< L.HSbecomes tf(t) by (1} and inverses are also found for the terms in RH.S
with the result we obtain the required f(#).

< If logarithmic function persists in f’(s) we differentiate again w.r.t s to obtain
f7(s) and use the property that

LTHF7(s)1 = £2f¢t) since LLt2f(1)] = (s)

= In the cases of inverse functions we simply differentiale the given _?( $) and use
the result (1) to obtain f(¢).

WOTKED PROBLEMNS

Find the inverse Laplace fransform of the follocwiag functios:

s d : - ;

i 0 FRPTa 3
300 tog o
i <7

38, iU'; i
b i\ A

e e et e e

-1, .- f .z F3 )
0. ot {50 1 Tog Yo+ 1 (4 40
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2 -1 2
12. log s +4 43. tan " (2/57)
s{s+4)(s—-4)
4 - +
44. slog[iﬁ} 45. cot l[-sb—a]
38. Letj_‘(s)=}0g —j—:—;]:Iog(s+a)~—log(s+b)
= 17 17 1 1
“fs) == s+a s+b}—s+b s+a
Y O U FEY A |
Now L™ [-f'(s)]=1L [s+bj L [s+a]
ie., tf(t) = e Bt
—bt_e«-at
Thus f(t) = ;

- 2 {2_.2
39. Let f(s) = log{l—a—z} = logt'{> Sza }

s

ie., j_f(s) = log(sz-—az)—Zlogs
PR 1 2| (Y __s
-f (b)'_{saafz“’_s}“z(s Sz_azJ

Now L_l[wf’(s)] = 2{L_1(§J—L“1(SziazJ}

ie., tf(t)y =2(1-coshat)
_2(1-coshat)

40. Let f(s) = cot | (s/a).

Differentiate w.r.t s and multiply with -1

- -1 1 a

(s)= —————-— and —f'(s) =
f 1+(s/a)2 a f A +8°
. ~1y_F gl
Taking inverse, L [-f(s)] =L [,2 2]
s“+a
ie., tf(t) = sinat
sin at

Thus f(t) = ;
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41, Let f(s5) = log Vs> +1/6° + 4

1
- E{log(sz+1)—log(52+4)}

-—f’(s)——l 2s 2 __Ss s
21241 2+4| 244 241
Now L I[-Fus)]=r"1 =2~ |_~1[-2
2427 s2+12
ic., Ef(t) = cos2t—cost

t_
Thus f(t)=c052 cos f

— ‘2 4
2. Let f(s) = logL(s:f;;(sq)J

ie., F(s):log(52+4)—logs—10g(s+4)—10g(s—4)

—?’(s)=—{ =2 1}

2+4 5 s+d4 s-4

T 11 1 1 -1 _1 T £
Now L™ [-f'(s)l=L (S)+L (5+4)+L [5_4] 2L [52+4J

ie., tf(t) = 1+e ¥4 e¥ 2 cos2t = 142 coshdt—2cos2t

i+2(cosh4t—cos 2t)

Thus f(t) =

43. Let f(s) = tan~ L (2/¢°)

S 1+(4/s4) = sty
- 4s
H L -7 =1
ence [-f"(s)] [54+4J
. - 4
je., Hf(t) = L 1L£4J Q)

Now s'+4 = (42 -4 = (62 +2+425) (> +2-25)

Also  4s = (52+2+25)-(52+2—2s)
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(2 42425) (57 +2-25)
ra (L e2+28)(2+2-2s)

1
242-02s 42425

-1 4s | 1 -1 1
L 3 =L mz_ - L - -
s +4 §5°-25+2 55+ 25+ 2

Using (1) in L.H.S we have,

tf(t):L‘l[

Hence

S U S S S
(s—1)Y+1 (s+1Y+1

ie., t (t)=etL_1{ S
f L52+1 41

ie., tf(t):etsiht-—e_fsint:sint(et-—e_t)
ie., tf(t) = sint-2sinht

Thus  f(t) = 2sint sinht

4. Let f(s) = Slog(z—i-%J

e,  f(s)=s[log(s+4)—log(s-4)]

f( )—*':Z—g—_—+[10g(.5+4) 10g(b-—4)]
We need to differentiate w.r.ts again,
-, 4 (—4) 1 1
5) = - + -
/74 (s+4) (s5-4) s+4 s-4

Now, L 1[F” gl Lt 1

o BT { {(s+4)2J+ {(5_4)2“
-1 1 -1 1
+L {5+4}_L |:S-4}

ie., tzf(t) = 4{9“”];1(,S%J+e4fL—l(§i}}+e—4t_e4t
—a(e Mt y—2sinh gt
t2F(t) = 8tcosh4t-2sinh 4t

2 (4tcos hdf—sinh4t)

Thus f(t) =
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45. Let f(s) = cot_l(%ﬁ]

Fresy=——1 1 ___-b
J7 () (s+a)2 b b2+(s+.r:)2
1+T

(s+a)2+b2 s“+b
ie., Ef(t) = ¢ “sinbt
—-at_.
Thus f(t)=e ilnbt

Find the inverse Laplace transform of the folloiving functions

5 s
46_ P - 47‘ L
(s24a) ($2=a?y
5 S g Sral
(s +a° ¥ (s2—a%)*

[ Here f(s) involves algebraic functions and we judiciously assume or compute an inverse
transform based on the given ?( s) anduse L™ 1 [ —f’ (s)] = tf(t) toobtain f(t)]

- 1
46. Wehave L l[ 3 2] = —sinat Y

LS +a

R |

Using the property that L1 [ —7’ (s)] = tf(t),(1) becomes

[ 4 1 1
- = t.=sinat
d3(52+a2JJ a

N -1 2 ] tsinat
' | (57 +a%)? | a
_qf S ] tsinat
Thus L} =
(S+ad )| 2a
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47. We have 1 21 5| = sin h at
55 —a a
_1_:2 1 _, sinhat
L _ds[s2_a2”_t a
. 4 2 _ tsinhat
s L (Sz_az)z} T T a
h L_l— s _ tsinhat
us 227 =,

48. We have L_l{ > }= cos at

4] -d s
L b == = tcosat

i 2,2
1! =(s +5-
ie., L1 (s 4;: )225 Zs = tcosat
(s"+a")
[ 2o
Thus i1 s = tcosatf

49, We have L_l{ 8 }=coshat
5

f=df s V]
L 1 d—s( 25 2H:tcoshat
55 —a
P22 2
ie., 1 (z 5 ¢ 3225 }: tcos hat
55 =)
Thus L' (S?_2+a2—2]-—-tcoshat
s5-a)

50. Find (a)L_l[lsin(lJ} (b} L_l[lcos(lel
s s s s

>> Inverse transforms of sin (1/s) and cos{1/s) is not readily available. We
consider the expansion of sinx and cosx in the neighbourhood of the origin
(ie., x = 0) which are given by

x3 x5 x2 x4

sinx = X by cosx = l—Zrt=—



INVERSE LAPLACE TRANSFORMS 425

Replacing x by 1/s where we shall assume that s is large in which case
x=15-0

N 1 11,11 . 11 11
sin | — “:n§5_3+§;§—” and cos 1 51 2+E n
fence toinf1)o1 121,11 1 (1) 1 11 11
ence —sin 572 A AYE B n cosi =3 203745
Y Lgn(I)] bl 13 1¢d
P I e TR TR TR
- 2 4
RN R VLI VL
and L scos(s”"l TG IIMPTIPT
r 3 5
Thus L1 1sin 1 = t- t 5+ LA
| s s (3t (51
2 4
and L_chos 1 =1- £ 3 t i
L S (20) (4!)
EXERCISLS
Find the inverse Laplace transform of the following functions.
! . $2-3s+4 ) (s+2)
) s ) s°
3 1 N 4 +1 4 25 -5 +45—18
" 35-2 Bs+1 svs T 457425 g_g2
5 (24-30Vs e 3
. 2
I 6. T‘Ei_ 7. 2_25_?3__
s°—6s+13 s°—26+5
8 s+3 9 (3s+1)¢
T 4?4449 (s+1)*
—2s
se
10 —m
s2+8s+16
2—
I 11. 25°—6s+5 1. 452+3
o (s—-1)(s-2)(s5-3) (s=1)(s+2)
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35—1 (5°+6)e%
13. 5 14. > >
(s=3)(s"+4) (s°+1)(s"+4)
2 3s
15. 16. -
s +64 s +4
~3s - 5s L —TS -ms
A A 18. St S
(s—-4) (5-2) s°+16 s5°+9
— 35 —5 — 35 —3
19. 3¢ -5 20, 26— _¢
5 p 5 s
2 2
a s“+1
Vv 21. 1 1+— 22, —_—
og{ 52] OgL(s+1)j|
2
4 2
23 IOg 9 5 24. —2L"**—2‘
(s—4) (s“+45+5)

ANSWERS

I 1 1-3t+2t°

2. %(15t2+30t3+15t4+2t5)

3. %e2*/3+%e'*/5+2\ft/n
%{cos(5f/2)—sin(5t/2)}-4cosh3t+6sinh3t
5. {4(t-12-(16/m) (t-1)"2}u(t-1)

1 6. EStCOSZt
7. ¢/2-(4cos2t—sin2t)

e £/2

82

2 3
o e—(t+1){3(t;1) _(t+31) }u(m)

10. U2 1-a(t-2)u(t-2)

8. {2\/2—cos(\5t)+55m(\f2_f);r
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L

€ 2 5 3
ITI 11. > ¢ +28
S5¢. 7,6 5 o
12. 9e +§te—9e

8 x_8 15 .
13. 133 13cos2t+263m2t

4. o {5sin(f+2)~sin2 (t+2)}u(t+2)

W=

sin 2t sinh 2t

15. 3

16. {sinh(t—s)cos(t—s)+cosh(t—3)sm(t—3)}u(t—3)

N | =

(-5 2 U5) (4 -5)
6

v 17. (¢-3) U3y t-3yy

18. {cosflt—%st}u(t—n)

19. 3-u(t=3)=(t-1)u(t-1)
20. 5u(t-3)-u(t-1)

2(1—cosat)
¢

1+e ' —2cost
t

22,

2(e4t-—c052t)

23.
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83| Convolution

Definition : The convolution of two functions f(t) and g(t) usually denoted by
f(t)*g(t) isdefined in the form of an integral as follows.

t
Ftyxg(ty = [flurg(t—u)du
u=0

Property : f(tj*g(t) =gifi*fif)
That is to say that the convolution speraiion © is commtativn.

Proof : We have fromthe definition of convolution

feby*g(ty = JfGog(t-u)du e
=0
Put t—u =v in{(l) .. —du=dv ordu=—-do
If u=09v=¢%t;:;fu=tov=0. Also t-v=1u
¢
Hence f(t)*g(t) = _l‘f(twv)g(zﬂ)(—dz?)
o=f

t

¢

ie., f(ty*g(t) = Jf(t—v)g(v)dv or Ig(v)f(t—v)dv
v=0 v=>0

Comparing the R.H.S with (1) we have,

f(E)xg(t) = g(t)*f(¢)

This proves that the operation * is commutative.

Convolution theorem

i LU sy = f(t) aud LN (s)] = g (1) then
f
L"][?(s)-g(s)] = _[f(u}g(hu)d’u

n=0
Proof : We shall show that

t
L jf(u)g(t—u)du =7(s)-§(s)
u=0
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We have L.H.S by the definition

wa f
-=Ie_5t Jf(u)g(t—u)du dt
t=0 =0

] t
=I Je'”f(u)g(t—u)dudt
t=0 u=0

We shall change the order of integration in respect of this double integral.

Existing region :

t=0 to e (Horizontal strip) .

u=0 to t (Vertical strip) .
On changing the order:

u=0 to = (Vertical strip)

t=u to o (Horizontal strip)

On changing the order of integration, (1) becomes

J Ie‘”f(u)g(t—u)dtdu

u=0 t=u
Now, letusput f-u = v whereuisfixed . dt =dv

If t=u, ©v=0; If t = o p=co and hence (2) becomes

j J e_s("”)f(u)g(v)dvdu
=0 v=0

= J.e_s”‘f(u)du : Ie"”g(v)dv
u=0 v=>0
= f(s)-3(s) = RHS

Hence we have proved that
i

L J.f(u)g(t—u)du =f(s)-§(s)
u=0

3
Thus L™ MF(s)-F(s)1 = [ f(u)g(t-u)du

u=0

This proves the convolution theorem.

(D
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Remarks

1. The integral in R.H.S is the convolution of the functions f(t) and g(t) denoted by
flty*g(t)
Thus the convolution theorem can be put in the form
LAY 3(s) ] = f(t) =g (4)
2. Since we have proved that f(t)*g(t) = g(t)*f(t),
t i

L'l[f(s)-g(s)] = _[f(u)g(t—u)du = If(t—u)g(u)du
u=0 =0
The integral in either of the forms is called as the convolution integral.

WORKED PROBLEMS

Type-1 Verification of the convolution theorem -

Working procedure for problems
We need to verify the theorem in respect of the two given functions f(¢) and g(t)
D Wefind f(s) = L{f(t)] and T(s) = LIg(#)]

t

< Weevaluate f(t)*g(t) = jf(u)g(t—u)du
0

< Wefind L[f(t)*g(t)]

S U LIf(t)*xg(t)] :7(5)-§(s) then we can conclude that the theorem is
verified.

Verify convolution theorem for the following pair of functions

51. f(ty=1t¢ and 2{t) = cost
52. f(t) = sint and g{t)y=¢
53. f(t) = cosat and g (1) = cosbt

54, f(t)y=t¢ and 2(t) = te

5L f(s)=LIf()]=L(t)

1
2

s

g(s)=L[g(t)] =L(cost)=—
s+1
t

f
f(tYy*g(t)= J f(u)g(t—u)du = J tcos (t—u)du
u=0 0
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Applying Bernoulli’s nile to the integral we get,

= [u._s'm({.;u")];:o—[l-—cos(t—u) Z:O

=—(0-0)+(l-cost) =1—-cost

LIf(t)*g(t)] = L(1)~-L(cost) =%‘5211 ) s(321+1)

- s 1 8 1
2 241 s(s2+1)

Thus LI{f(#)*g(t)] =?(s)-§(s). The theorem is verified.

F(s) = L(sint) = —2 Seeyoq(omty o L
52, f(s)—L(smt)—52+1,g(s)—L(e )—H_1

t

t
F(t)*g () ff(u)g(t— yau = | st (1) gy
=0
t
...e—tj'eusinudu

u=0
t

eu
et (sinu—cosu)
u=0

1+1

_ ¢t . — ¢
_ e forvi s _sint-cost ¢
=5 [e (sint cosi‘)+1]—-~*r———2 t oy

1 1 1
LU #2(6)] :E[sz+1_s2il+s+1J

_ Ll (s+D)-s(s+1)+(sP+1) _ 1
2 (s+1)(s°+1) (s+1)(s%+1)

1
(s°+1)(s5+1)

Also 7(5)-?(5) =

Thus LIf(t)*g(t)] = j—f(s) - £ (s). The theorem is verified.
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53. f(s) = L(cosat) = 2;

5 g(s)=L(cosht) =
5 +4a

32+ b
t

t
f(t)y*g(t) = If(u)g(t—u)du = _{cosau-cos(bt—bu)du
u=0 u=0

f(tyxg(t) = %j[cos(au+bt——bu)+cos(au—bt+bu)]du
H

. t
~ 1"sin(au+bt—bu)+sin(au—bt+bu)l
=0

E_ a-b a+b
1[ 1 1
S DN s R . |
2| 72 {smat smbt}+a+b{smat+smbt,}
—l—smat L +—— |+sin bt BN
T2 —b b a+b a-b
- L ginat =2 fsinbt- —2b
2_ 22 JPY)
g (asinat—bsinbt), a # b
72— ’
1 a b
L{f(t)y*xg(t)] = a: -b-
/ 8 2 -1 2+ s2 4 B2

_ 1 (2 +P) =V (s +a%)
a* b (52+a2)(52+b2)
1 (=) §2

e,  L[f(t)*g(f)]= ' =
ie [fCE)*g ()] P (a2 (2+BR) (s2+a2)(s5+ D)

52

($+a) (2 +1%)
Thus LIf(t)*g(t)] = f(s)-g(s). The theorem is verified.

Also  f(s)-3(s) =
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1
(54—1)2

58 F(s)=L(t) =5, F(s)=L(e" )=
S

t t

fit)y*g(t) = If(u)g(t—u)du = Juek(f_”)(t—u)du
u=40Q0 =0

t
= ¢! _[( -1 ) e du
u=0

==yt (t=2u) e+ (~2) e T

eH0-0)=(~tef=t)-2(ef~1)]

=t+te o406

1 1 2 2
LIF(t)*g(t)] = —+ -
[ft)y*g(t)] 2y st
:(s+1)2+32—2s(s+1)2+252(s+1): 1
s (5+1)° 2 (s+1)>

Thus LIf(t)*xg(#)] =?(s)-§(s). The theorem is verified.

Type-2 Computation of the inverse transform by using convolution theorem

Working procedure for problems.

2 The given function is expressed as the product of two functions say f(s) and
g(s)

2 Wefind L™'[f(s)] = f(t) and LHEs) ] = g(t)

< We apply the convolution theorem in one of the form :

f
VA 2s) T = JFu)g(t—u)du

=0

9  We evaluate the convolution integral to obtain the required inverse.
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Using convolution theorem obtain the inverse Laplace transform of the
following functions

I — e, —>

s(sz+a2) (52+a’2)2
82 58 __1W
57. mﬁ ’ (52+a'2)2
9. s 60. 1 5
/5 (+d)(F+1) (s~1)(s"+1)
1 s+ 2
6l. ——— 62. >
52(s+1)2 (52+45+5)2

1 45+ 5

63. —————— 64.
(& +4s+13)> (s—1)*(s+2)
1
65, —————
(sz+az)3
- 1 1
55. Let f(s):; ; 8(s)= 573

Taking inverse,

-1 1 _ 1 inat
f(t)=L1{;}=1;g(t>:Ll[ 5 z}ﬁ“;“

57 +a
L

We have convolution theorem, w

L~
ol
.

t
L'l[f(s)-g(s)] = If(u)g(t—u)du
=0

t
-1 21 — |- jl_sm(at—au)d”
s(s°+a”) | L, a
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- 1 - S
~56. Let f(s) = —— ; 8(s) =
= f $2 4 a? s s2 4%
sinat

a

= f(ty=L"1F(s)] = ; g(t) = L7 g(s)] = cosat

We have convolution theorem

t
LUF(s)8(s) = [F(u)g(t=u)du

=0
f -
-1 S sin au
L ——55 | = |7 cos (at —au ) du
|:(52+£12)2:| uzj‘O ‘
. f
:ZI-J'[sm(mwat—au)+sm(au—af+a”)]d“
=0
. t
:gj[smat+sm(2ﬂli—ﬂf)]d”
=0
; .
1 } cos ( 2au —at) T
—glsm”f[”]u—o_[——_fa—_ .
u=140
1 . 1 ‘ _ tsinat
:z_a{hmm(f_o)—za(cosat—cosat)}— 2
s tsinat
Thus I} =
|:(52+a2)2jl 2a

57. Let f(s) = —zi 5 = B(s)
s iq

= ey = L7 [f(s)] = cosat = g (¢)

Now by applying convolution theorem we have,

[ ’
I]L—v—smﬁ:r = jcosau cos (at —au)du
{(s"+a" )" v=0
'
== ; J [cos(.'?:H-mﬂm)Jrcos(mz~at+au)]du
=0
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cos at +cos (2au—at) ] du

2a

1 .
= 32 (atcos at+ sinat)

L { sin ( 201 - at )

i

{COSﬂf(f—0)+—2‘15(smat+sinat)} = % {

sin af
tcosat+ ﬁT

}

- 1 _
58. Let f(s5) = 5—— = g(s)
§+4a

= A =Ry = 22 o (hy

a

Now by applying convolution theorem we have

a i

f
Lﬁl{ 1 }: _[ smau‘sm(at—-au)du

2 2.2
(s +a”) H=0

B |~
=N

e T
D—N

:§N!H

t
1
02

I
Y

{sin(Zau—at)

4

0

2a

|-

Thus L_l[ﬁ] = é(sinat—atcosat)

cos ( 2au —at y—cos at | du

o -} —cosat[u]g}

1
{—(sjnaHsinat)—cosat-t}

cos{au—-at+au)—cos{au+at—au))du
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— 5 5
59. Let f(s) = ; 8(s) =
— f 52+a2 g 52+b2

= f(t) = L*l[f(s)] =cosat ; g(t) = L_l[g(s)] = cos bt

Now by applying convolution theorem we have,
1t

2
L'{ 5 = jcosau-cos(bt—bu)du
2 2 2 2
(s"+a”)(s"+b°) | w=0

[Refer problem-53 for the integration process]

2 . .
- t- bsinbt
Thus L1 d = 2504 . a#Db
{(52+a2)(52+b2)_ & -
60. Let f(-)*—l% ; 8(s) = .
- Vs 78 M52+1

= S =LTfs) =€ gty =L [Z(s)] = sint
Now by applying convolution theorem we have,

¢
ﬁ——l_z*_ = je” -sin(t—u)du
(s=1)(s"+1) w0

X

L‘l

But _[e“xsin(bxw%c)dxz [asin(bx+c)—bcos(bx+c)]

2+ b
t
L—l-ﬁ____lkﬁ.-_- :{ " Isin(t—u)+cos(t—u)f’]
(s=1)(s°+1) 1+1 0
:%{e*(0+1)—1(sint+cost)}
Thus L_l[( 1)1(2 1)]=%(et——sint—cost)
§— 55+
- 1 . 1
61. Let =7, =
et f(s) 52 g(s) (5+1)2

= Sy =L =t gty =L B(s)] = et

Now by applying convolution theorem we have,
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- - t f
! %—2 = J-ue_(f_”)(t—u)du=e"t_[(tu—u2)e“du
LS (s+1) 4 ou=0 =0
[Refer Problem-54 for the integration process)
-] 1 ] _ _ _ _
Thus L™'| 5 S| =t+te o242 = 2( 1) HE(14e f
s (s+1)
= s+2 1
62. Let f(s)= = P(s) = ——
f 2+ 4s+5 ’ P +45+5
_ §+72 _ 1 1
> f =L T () = LT |
(s+2)y +1 (s+2) +1

. -] 1

Ft) :e"%*‘.ﬂf—'—} Py =ML
’ |_s "'1J : s+ 1 |
f(t):emzt cos t ; g(t):e_zt sin f

Now by applying convolution théorem we have,

t

I . 1

B R —--—J = J.e_ 2 cosue” 2T gin (£ —u ) du

=10

e 2t

1

sin( t--u ) cost du
0

"

B N

-2t
£

5 j [sin(t-u+u)+sin(t—u—u)]du

=0

i

2

f
Co [ [sint tsin (£=2u) [ du

ii

t
cos (£-2u) |
2

=0

il

][s'mt[u]g-r

, S 1 }
£ 1 rsmf+5(cost—cosf)f
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- 1
63. Let f{s) = ——— =T (s
ctfes) & +4s+13 §(s)
1
t :L—l[_____: ‘
= f( ) L(S+2)2+32j g( )

. ~2F .
. —2f p-1 1 e < sin 3f
ie., (ty =¢ 'L = =g(t)
f [52+32} 3

Now by applying convolution theorem we have,

Cf
-1 1 ¢~ 2" sin 3y t’_z(t'”)sin(3t—3u)
P 5= - o)y
(s“+ds+13y* |~ 3 :
oot
- 3t~3u)du
u=1(Q
o2

=15 j[cos(3u—%t+3u) —~cos (3u+3t-3u) ]du
=0 ’

-

ETY f [ cos (61 —3t)-cos3t]du

t

l 51n(6u 3”] —cos3t[u ]

Y

t+ t
{smS sin 3 —cos3t-t}

Thus L1 1 —ﬁ—(sm3f 3tcos 3t)
(s"+4s+13)
1 _ 45+ 5
64d. Let f(s)=—— ; g(s) =
f §+2 8 (5_1)2

= f(t)y =L F(s)] = e

4s+5 ~1| 4(5-1)+9
Also, ty = 171 B S e RS S A Gl
so, g(t) [g(s)] [(: J [ (o172 }
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4s + 9
2

s

g(t):e*L“l{ }:et(4+9t)

Now by applying convolution theorem we have,

t
= J-e_zu-e“_”)[4+9(t-—u)]du

L_l{ 1 _ 45 +5 |
u=0

5+2 (5_1)2J

f
ef je‘s"(4+9t—9u)du
=10

f
¢ f (4+9t-9u) ¢ du
u=0

Il

Integrating RH.S by parts we get,

t
. 2 —3u —3u
L? 45';5 ]:etﬂ[(4+9t—9u)e -(—9)89 }

(s—1y(s+2) | | -3 w=0

[ -3t
i€ (4+9t)  _3
=g 4" -1
e { 3 e e
(1 1
I O B |
= ¢ 4[3 3¢ +3t}
_ 1 _
Thus L} 45:5 = 1et——e 2t-|~3 tel
(s=1)Y(s+2) 33
65. Let f(s) 1 g{(s) s
. = ;o gls) =
52+a2 (52+u?‘)2

a

S fH =R =B g - _l{ﬁl—l
5

sin af
a

fe., f(ty = ; gty = il—;;(sinat—at cosat) (Refer Ex-139)
%

Now by applying convolution theorem we have,
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! 1 ' 1
(s2+a2) (52+t12)2

t

inau 1
= Ismat-—? [sin(at~au)—a(t-u)cos(at—au)]du
a4 2
u=0
. ¢
=— Jlsinauosin(at—‘au)du
2a u=0

— I [a(t—u)sinau-cos(at—au)Idu=Il-Iz(say)

t
Now I = i j sinau -sin(at—au ) du
2a”

f

1
= — I[ cos (au—at+au)—cos(au+at—au)]du
! 4a

=10
¢
1 sin(2au—at) ¢
= — q] — —cosatfu]
4ﬂ4 { 2a J 0
#=0
1 [ sinat 1
== SO _teosath = —5 (sinat —af cos at ) (1)
4a a 4y
£
1 .
Next I, = — j (at —au)sinau - cos (at—au) du
2a° °
=0
1 t
=—4- _[(at—au )[sin(au+at—au)+sin(au--at +au)]du
t
1
= _[ (at—au)s1natdu+ J‘ (at—au )sin{2au—at) du
4a
u=1_ u—O

2 ¢
1 au .
= — atu—T sin at
4a =0

i
-—cos(2au—at)__ N -~sin(2au—at)]
2a (=a) 172

+i4{(at——au)-
da du=0
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2
1 | at 1 -1 1
I = ——| —sinat |+-—< —— (—atcosat)-—-—(2sinat)
2 4a4[ 2 J 434{251 4n
L= tzsinat+tcosat_sinat
2 82° 8a* 8a°

From (1) and (2) we have I, -1, givenby

sinat tcosatf tzsinat tcosat sinat

w4t 8 8t 8a
___tzsinat_StCOSﬂ_t Isinat
8a° 8at 8a°
_ 1 1
Thus L} ——— | =— (3—a2t2) sinat—3 afcosat
[(szm2 )3} 8 [ }
Remark .

It is advisible to remember the following three inverse Laplace transforms.

@ L_][ s }: tsinat

(52+t12)2 2a
i -1 s 1
(ii) L mj—g(smat+atcosnt)

- 1 1
(iiy) L 1Ii“ﬁ =*-§(sinat—atcosat)
(s°+a°) | 22

Type-3 Laplace transform of the convolution integral and solution of

integral equations

Working procedure for problems

(@

= We can find the Laplace transform of the convolution integral by using the result

t 1 [e
L J-f(u)g(t—u)dqu :f(s)-§(s) = L[If(t-»u)g(u)du
0

0

in the appropriate form.

= Given an equation for () involving the convolution integral we first take

Laplace transform on both sides.

2 Weevaluate the convolution integral and simplify toobtain L[f(t)] = 17( §) as

a function of s.

S Taking inverse we obtain f(t)
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Find the Laplace transform of the following convolution integrals.

t f

66. _[{ F—u)sin 2u du 67. J-f “sin{(t—u)du
0 0
t t
3 — 2u
68. J-bll'l a(t-u)cosat du 69. I( =1 ue du
0 0

¢

66. Tofind L I( t—u)sin2udu | we use the result
0

t
Ll [ft—uyg(u)du | =7 (s)-3(s) ()
0

By comparing, we have f(t—-u) = (t-u) and g(u) = sin2u

Equivalently, f(t) =1t and g(t) = sin2t

_ 1 2
) =L{(t) =~ and T(s) = L(sin2f) =
f(s) (t) 2 g(s) (sin2t) 2

Thus from (1) we get,,
3
L I( t—u)sin2udu | =

0
r
67. Tofind L J‘e_”sin(t-u)du we use the result
0
t
L _"f(u)g(t—u)du =f(s) Z(s) (D)
¢

u

By comparing, we have, f(u) =¢ " and g(t-u) =sin(t-u)

Equivalently, f(t) = ¢! and g(t) =sint
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- - 1 — .
f(s)=1L(e t.)zs and g(s) = L(sint) = 3

+1 s“+1°
Thus from (1) we get,
t
L Ie_"sin(t—u)du = L 5
0 (s+1)(s°+1)
£
68. Tofind L Isina(t—u)cosau du | weuse theresult
|
f
L If(t-—u)g(u)du =f(s)-§(s) D
0

By comparing we have, f(t—u) = sina(f—u) and g(u) = cosau
Equivalently, f(t) = sinaf and g(t) = cosat

- a —
§)=L(sinat) = and ¢(s) = L({cosat) =
Jes) ( ) P +a 8(s) 2 +4a
Thus from (1) we get,
t
as
L| Isina(t—u)cosaudu | =
(! (t=m) (F+d )
t
69. Tofind L I(t—u) ue 2 du | we use the result
0
t
Ll [fet—w)gquydu | =F(s)-g(s) ' )
0
By comparing we have, f(t—u) = (t-u) and g(u) = ue
Equivalently, f(t) =t and g(t) = te 2
- 1 — —2 1
(s)y=L{(t)=— and ¢(s)=L(¢ “-t) =
fes) s? g (s+2)°
Thus from (1) we get,
- t

L _[(t—u)ue'zudu =Tl—2
0 s5(s+2)
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t
70. Find f(t) from the equation f(t) = 1+2 J',f( t—u)e ™ du
4

>>  Taking Laplace transform on both sides we have,
t

LIF(H)Y = Lety+2n| [f(t-u)e 2 au

0

t
ie., j_‘(s):é+2L J-f(t—u)e_hdu

0
, - 1 - _
ie., f(s):;+2f(s)-g(s) (D
here g(s) =L = L(e2ny = 1
where ¢(s)=L[g(u)] =L(e )_s+2

Hence (1) becomes

- - 1
Fo) =3+ 27(s) 5

or f(s)[l 2 :l=% or ?(S){_S“J=%

542 542

-~ s+2 1 2
()= 55 =<+ 5
f 52 g 52

By taking inverse we have,
17 11 ~1{ 1
S ey

Thus f(t) = 1+2¢

t
71. Solve the integral equation : f(t) = 1+ J-_f( H)sin{t—u)du
0

>> Taking Laplace transform on bothsides we have,

f
LIS T = L(y+L{ [flu)sin(t—u)du
0

. F(s) = 2+F(s)-%(s) W
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where g(t~-u) =sin(ft—-u) or g(t) = sint .. §(s)=—1—
$+1
Hence (1) becomes,
- 1 - 1 - 1 1
(s)=—+f(s)- or (s)| 1- = -
Js) s Js) 41 / { 52+1} 5
2 2
. - s 1 = s+1 1 1
ie., f(b)-sz+1---s— or f(s)= 3 _5+s3
Now Lwl[T(S)]=L—1(%J+L_1{%]
$
£2
Thus f(t)=1+?
ao !
72, Find f(t) from e equation f(t) = {-_)- -~-J_f(n)(f7u)‘lu
3
>> Taking Laplace transform on both sides we have,
t t
LUF(HT =L 5 | - L [ feuy (t—uy du
0 i
. = 1 = -
e,  f(s)=—75-f(s)-8(s) ()
s
- 1
where g(t—-u) = (t-u) or g(t)y =1 .. g(s) =7
s

Hence (1) becomes,

- 5 = 1 1
f(5)=;1§—¥ Orf(s)|i1+—2}=—‘3‘
S 5

2
— s°+1 1 - 1
ie., (S) == or f(s)= —F5""
/ 2 $ / 5(52+1)
17 1l 1 )
Now L " [f(s)]=f(t)=0L"{—F—
/ / 5(52+1)J
But i by partial fractions
5(52+1) s 241 Y P '

] [P S Lvl[l]_f;l 5
5(52+1) s 1

Thus f(t)=l1-cost = 2 sin® (£/2)
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73. Solve the integral equation : f(t) = 4t° - j flt=u)e " du
0

>>  Taking Laplace transform on | oth sides we have,

LIF(t)] =4L(t*)-1. J‘f(tuu)f”du}
0 |
- 8 - -

e, f(s) ='—3~f( )-8(s) (1)

i

where g(u) = ¢ “ and hence g(s) = L(¢ ") =
s

Now (1) becomes,

Zooy o 8 _[(5) Foayl1al 18
f(j-,)_f;3 i+l or f(h)!_l—is-f—lr —53
2 oy 512 _ 8 Froy o Slstl)
o 1) s+1 @ 7 f(b)“53(5+2)
. 1
Further L7 [f(s)] = f(t) = L~ 8;(“—*-1_3| ()
ST (s+2Y)
o _&t8 _A B C D
© 53(q+')) 5040 S s+2
or 8s+8 = As? (b+2)+Bs(s+2)+C(s+2)+Dx )
Put g = 1 8=C(2) L C=4
Put § = =2 : =8=D(-8) .. D=1

Equating the coefficients of 57, s separately on both sides of (3) we get,

0=A+Dand 0 =24+B. .. A=-1 and B =2
- 5 1 _ _ 1 af
Now 17! -38”+-§-— R e I 1(~5 prof
5 (5+2)J § s< L8 s+2
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8.4| Laplace transform of the derivatives

We derive an expression for L[y’ (t)] and hence deduce the expressions for
Liy”()] LIy ()} ..
Further we use the principle of mathematical induction to establish the result for
LIy (6]
Lly ()] = ey (oyar
0
Integrating by parts we have,

Ly (O] =%yt = [yt (=s)at
0

[0-1-y(0)]+s [ey(t)ar
0

-y (0)+sLly(t)]
Thus Ly’ (t)] =sL[y(t}}-y(0) )
Now L[y”(t)] = L[{y’(t}?'] and applying (1) we have, Il
sLIy () ]I-y"(0)

i

ie., =s{sLly(t)]-y(0)|~y’ (0) by using (1).

Lly” ()] =5 LIy(t)]-sy(0)-y (0) @)
Also LIy (t)] =Ly (t)]1-s2y(0)=sy (0)—y"(0) .3
In general we shall show that

LIy (D) 1=s"LIy () 1=5" "1y (0)=5" "2y  (0) ==yt "7 D (0)

The result is established by induction.

When 1 = 1 we have

Lly ()1 =s"LIy(t)1-s"y(0) = sL[y(+)]-y(0) )

Comparing with (1) we conclude that the result is true for n = 1.
Let us assume the result to be true for n = k.

LIyF (0] = S Liy -8y =5 2y - - o)
LIy 1= L {F o] = sty 1-9 (0) by ).
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Using (ii) in the RH.S for L[ y( k) (t)] wehave,
LIy (0] = s{FLiyr1-¢1y0)-s2y (0)

e, =Sy O]y (0)=F Ty 0y st FTD (o) =8 (0)
e, LIy* ()] = ULy cty)-stF D1 0y
=D 2y oy -y R DTy )

Comparing (ii) and (iii) we conclude that the result is true for 7 = k+1. Thus by the
principle of induction the result is true for all positive integral values of n.

Solution of linear differential equations and simultaneous
differential equations using Laplace transforms
(Initial value problems)

Wehave already said thata differential equation with a set of initial conditions is called
an initial value problem. However if the boundary conditions are given the problem
is called a boundary value problem. Laplace transform serves as a useful tool in solving
such problems.

Working procedure for problems

= The given differential equation is expressed in the notation :
y(t), y'(t), vy (t). .. forthe derivatives.

2 We take Laplace transform on both sides of the given equation.
= We use the expressions for L[y’ (#)], Lly”(t)]...

S  We substitute the given initial conditions and simplify to obtain L[y (#)}] as a
function of s

2 Wefind the inverse to obtain 1 (t)
WORKED PROBLEMS

dt?
_ : - 2 ‘¢
y{0) =2 y'(0)=0 5Lﬂ[ﬂfgﬂﬂ*ﬂ 9

>>  The given equation is y”(t)+k2y(t) =0

74 Solve by using Laplace transforms : y =0 given that

Taking Laplace transform on both sides we have,
LLy" (O 1+ LIy (1)] = L(0)
e IS LIy () ]-sy(0) =y (0) + KLy ()]

i
)
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Using the given initial conditions we obtain,

(4R LIy (1)]-25=0 or L{y(t)] = 5=

v
™

+

o

y(t) ‘2L~1{5 ikz} = 2coskt

Thus y(t) = 2coskt
\]g: Solve y” +2y”" -y’ -2y = 0 given y(0)=y'(0)=0 and y”"(0)=6
by using Laplace transform method.

>> Taking Laplace transform on both sides of the given equation,
Lly™()1+2L1y" (£)]-Lly " (t)]-2L[y(£)] = L(0)
ie., {s L[y(t)]—s y(O) sy’ (0)— y”(O)}+2{s L[y(t)]—by(ﬂ) Yy (0)}
‘ | ~[sLIy(H)1-y(0)[-2LLy ()] = 0
Using the given initial conditions we obtain,
Lly()]{+28?-s-21-6 =0
ie, Lly(H)]{2(s+2)-1(s+2)} =6
or  Liy(Hl{(s+2)(2-1)} =

6
(s+2)(s-1)(s+1)

_ -1 6
y(ty=1L {(s+2)(s—1)(5+1)}
6 __A B C
(s+2)(s—-1)(s+1) s+2 s-1 s+1

or Liy(t)] =

Let

or 6 = A(s-1)(s+1)+B(s+2)(s+1)4C(s+2)(s~1)
Put s =-2 : 6 =A(-3)(-1) .. A=2

Put s=1 : 6= B(3)(2) - B=1
Put s=-1 : 6=C(1)(-2) . C=-3
Hence 6 = 2 1 =3

= + +
{(s+2)(s—1)(s+1) s+2 s5-1 s5+1

-1 6 1ﬁ IR O U Y
b {(s+2)(s—-1)(s+1)J [s+2)+L (s-—lJ 3L (5+1J

Thus y(t)=2e_ -3¢t
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4
76. Solve fi-ijw—k‘ly:O given y(0) =1 and y' (0)=0=y"(0)=y"(0)

t
>> Thegivenequationisy(4)(t)—k4y(t)=0

Taking Laplace transform on both sides we have,

L[y -k L[y()] = Loy
. [ 4 _ 3 _ 2. ’” rr } 4 —
e, STLLy (1))=Y (0)=s>y" (0)~sy” (0)-y ™ (0)} K LIy(t)] = 0
Using the giveninitial conditions we obtain,
s

st

_q 53 ’bﬂ“L \‘(-3 2 Lj\‘(o

P

LIy [s* =k 1= 1 =0 or L{y(t)] =

Now s*-i* = (52—k2)(52+k2) = (s—k)(s+k)(52+k2)

53 __ A , B G+D
(s=k)(s+k)(?+K2) (s=k) (s+k) 2482

Let

ie., 33=A(s+k)(sz+k2)+B(s—k)(32+k2)+(Cs+D)(s—k)(s+k)...(1)
Put s =k : K= A(2k)(2%%) -~ A=1/4

Put s =~k : -k = B(-2k)(2%) . B=1/4

Put s =0 @ 0= (1/4) (k) (K)+(1/4)(-k) () +D (- &)

ie, 0= (kK/4)-(K/4)+D(-F) - D=0

Comparing the coefficient of s> on both sides of {1) we have

1=A+B+C i, 1 =1/4+1/4+C - C=172
$3

1
(s=k)(s+k)(24/2) A5k ds+k 22,2

3] ;
-1 S 1 .1 1 1.1 1 1 4 5
=~ —— 4= =L
L {84—k4J e [s—k}-fLL {s+k "2 Py .

Hence
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RTINS T | I Y T 1
ie., y(t)—4e +4e +2coskt—4(e +e )+2coskt
1 1
ie., y(t):Z(ZCOShkt)+—2—coskt.
1
Thus y(t)=5(coshkt+coskt)

77. Solve the following initial value problem by using Laplace transforms :
2

M g—z = ~t, = ! =
dt2+4dt+4y €' y(0)=0,y'(0)=20

>> The given equationis y” (t)+4y’ (t)+4y(t) = e

Taking Laplace transform on both sides we have,
LIy”(£)]+4L1y () ]+4L[y ()] = L(e")

e, (SLIy(H]=5y(0)=y (0) [+4{s LIy () ]-y(0)} +4L[y (D] =

s+1
Using the given initial conditions we obtain,

1

Liy(t)] |#+4s+4] = Ly(t) =
(O[S rased] - g or Ly(h) = g
_ 1
by = 171
yeo {(5+1Ms+2f}
1 A B C

(s+1)(s+2) s+1 5+2 (5429

Multiplying with (s+1)(s+2 )2 we obtain
1=A(s+2P+B(s+1)(s+2)+C(s+1)
Putting s = =1 weget A =1

Putting s = -2 weget C = -1
Putting s = 0 wehave 1 =1(4)+B(2)-1(1) .. B=-1
Hence ! = ! -1 -1

+ +
(s+1)(s+2) s+1 5+2 (g5+2)°

_ 1 a1 ! 1
-1 BTSN S BT § U B
{(s+1ﬂs+2f} {5+1} {S+2} {(5+2f}
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ﬁ& Employ Laplace transform to solve the equation :y” + 5y’ + 6y = 56~
y(0) =2, y'(0) =1

>»> Taking Laplace transform on both sides of the given equation we have,

LIy (x)1+5L[y " (x)1+6L[y(x)] = 5L ()

e, [SLY)]=5y(0)=y (O 5 (sLLy () 1=y (0) | +6L1y(x)] = =
Using the given initial conditions we obtain,
(52+5$+6)L[y(x)]—25—1—10=s—f—
ie., (52+55+6)L[y(x)]— gfz
- 24 76—
L[y(x)]=(25+11)(b 2)+5 B+ 75-17

(s-2)(2+55+6) (5=2)(s+2)(5+3)

I 25 + 75~ 17
ylx) =1 {(s—2)(s+2)(s+3)

252+ 75 = 17 _A B C
(5=2)(s+2)(s+3) s—=2 s+2 5+3

Let

or 25° 475 =17 = A(s+2)(5+3)+B(s-2)(s+3) +C(s-2)(s+2)

Put s =2 : 5=A(4)(5) SO A=14
Put s = -2 : —23 = B(—-4)(1) . B =23/4
Put s = -3 : =20 =C(=-5)(-1) Lo C=-4
-1 252+ 75 - 17
H
ence {(5—2)(”2)(5“)
1

] B e
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2f

79. Using Laplace transform technique soloe x” ~2x"+x = ¢7 with

x(0)=0,x"(0)=-1

>> Taking Laplace transform on both sides of the given equation we have,
LIx” (£)1=2Lx4T) 1+ L1x(t)] = L(&¥)

ie., {szL[x(t)]—-s;pé)({)l—-xf\fO)}—Z{sL[x(t)]—x/?(%} +Lx(t) = 5%2

Using the given initial conditions we obtain,

{2-2s+1} LLx(t)]+1 - =

ie., (5'1)2L{x(t”=5_2_1=(s—2)
s

or Llx(t)] = 5
(s-1)Y(s-2)

x(t):L_l{ 32—3 ]
(s—1)(s-2)
3-s5 A B C

Let = + +
S s-1P(s-2) 51 (s-17 s-2

Multiplying by (s—1)%(s-2) we get,
3-s=A(s-1)(s-2)+B(s-2)+C(s—-1) (1)

Put s=1 : 2=B(-1) .. B=-2

Puts=2 : 1=C(1) L C=1

Equating the coefficient of ¢* onboth sides of (1) we get,
0=A+C. .. A=-1

- 3-53 _ 1 - 1 - 1
H ! S | N |
ence {(3_1)2(5_2)] [5_1} {(5_1)2}*' [5_2}

80. Solve the D.E 7 +3y +3y = o1 wwith y(0)y=1=y"(0) using Laplace
transforms.

>> Taking Laplace transform on both sides of the given equation we have,
LIy"()]+4LLy (1) ]+3LIy ()] = L")

e, {SLIy(£)]1-sy(0)-y (0)[+4{sLIy(t)1-y(0)}+3LIy ()] = ;;1*]



INITIAL VALUE PROBLEMS 455

Using the given initial conditions we obtain,

2 R
(s“"+4s+3) L[y (t)]-5-1-4 P

ie., (+45+3) LIy (t)] = (s +5)+

(5+1)
2, .
ie,  (s+1) (s+3) L[y(t)] = - 1%+0
+1
2
or LIy(£)] = s+§s+6
(s+1)Y (s+3)
2
£y = -1 §°4+6s+6
y(H [(s+1)2(5+3)
S +65+6 A B C
Let =

+ +
(s+1)2(s+3) s+1 (s54+1)2 s+3
Multiplying by (s+1)2(s+3) we get,

46546 = A(s+1)(s+3)+B(5+3)+C(s+1)° )
Put s=-1 : 1=B(2) . B=12
Put s=-3 : -3=C(4) .. C=-3/4

Equating the coefficient of s* on both sides of (1) we get,
1=A+C . A=17/4

2, . 1
8 +26b-+6 :ZL_1 1 +1Lu1 1 : —EL_I 1
(s+1)(s+3)| ¢ s+l | 2 (s+1) 4 s+3

Hence L1

: . 12 x ; -
81. Solee by using Laplace transforms f*“?+2 gy ba=3te " given that
' dt ) '

ey

X o= 4, a s 2 when f = 0.

>> The given equationis x” (+)+2x () +x(t) = 3te "
Initial conditions are x(0) = 4, x'(0) = 2

Taking Laplace transform on both sides of the equation we have,

LIx”(t)]+2L [ x" (£)]+L[x(t)] = 3L(e ' 1)
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3
(s+1)

e, {SLIx(£))=sx(0)=x"(0)|+2{sL{x(t)]-x(0)|+Lx(t)] = .

Using the given initial conditions we obtain,

(52+25+1)L[x(t)]—4s—2—87~ 3 3
_ (s+1)
ie., (s+1)2L[x(t)]:(4s+10)+(s+1?

45+ 10 . 3
(s+1)Y (s+1)

L_1{4((SS:11));6}+L_{(Sfl)‘l}
| =hi N 1
¢ { 38 sl

e ()

= l(a+6t+43.1%/6)

or Llx(t)] =

Il

x (1)

il

Thus x(t)=¢ "(4+6t+F/2)

i’ i .
82. Solve by using Laplace transforms "E-<‘;’L+2-Eg+2y = 5sin t given that
t
y(0)=0=y"(0)
>> The given equationis y " (¢)+2y (t)+2y(t) = 5sint
Taking Laplace transform on both sides we have,

LIy” (t)1+2L1y’ (£)]+2L[y(t)] = SL(sint).

‘ 5
e, S LIy()]1=sy(0)-y (0 [+2[sL{y(H)]-y(0)I+2L [y ()] = 5

57+
Using the given initial conditions we obtain,
L[y(t)1{52+28+2i’=—2§— or  Lly(t)]=-73 52
- | (s°+1)(s"+25+2)
-1 5
y{t) =L
Y (52+1)(52+25+2)
5 As+B Cs+D
Let = +

(52+1)(52+25+2) h Z+1 P+25+2
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i, 5=(As+B)(s%+25+2)+(Cs+D)(s2+1)
ie., 5=(A+C)s>+(24+B+D)s>+(24+2B+C)s+(2B+D)
Comparing the coefficients on both sides, we get

A+C=0; 2A+B+D =0 ; 2A+2B+C =0; 2B+D =5

Solvingthesesimultaneouslyweobtain @
Jede ?
A=-2,B=1,C=2 D=3
5 - 25+1 25+3
[Hence - 5——— = +

(" F1)(2+2542) s2+1 242542

IJ7 1

.5 }
(P41 (P4 25+2) |

e F Y 21 417! m2%+3
55+1 5°+1 s°+2s+ 2

2(s+1)+1
(s+1)Y+1

ie., y{t) —2cost+sint+L_l{

52+1

—2cost+sint+e (| 2171 75— +1°t 21
5°+1 s+ 1

Thus y(f) = —2cos t+sint+e"t(2cost+sint)

—r 1] 2s+1
—2cost+sint+e 'L 1{@}

83. Solve :y”+6y +9y=12¢2¢ ¥ subject to the conditions, y (0)=0=y"(0)
by using Laplace transforms.

>> The given equation is yOty+6y (E)+9y(t) = 1242673

Taking Laplace transform on both sides we have,
LIy (£)1+6L1y" (t)]+9L[y (1)) = 12L[¢ 2]
: [ 2 p i i 12. 2
ie., sTLIy(t)]-sy(0)~y (0);+6:sLiy(8)]-y(0) +9L{y(t)] = ( ‘+;')z
s+ o)
Using the given initial conditions we obtain,
24 24

Pres+9) LIy(t)] = ——— LTuity] = _
(s"+65+9) LIy (t)] 137 or Lly(t})] (5739
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_ 24
t)y=L""
v {(s+3f}
4

3o 1 ey
y(t) =24¢ “1,1(;EJ:=24e T

84. Solve by using Laplace transform method y” (t)+y () = H(t-1) given
y(0)=0and y'(0) =1

>> Taking Laplace transform on both sides of the given equation we have,

Lly"(t)]+L[y(t)] = L[H(t-1})]

e—S

ie., {szL[y(t)]—sy(O)—y'(ﬂ)}+L[y(t)]=-:;

Using the given initial conditions we obtain,

(32+‘l) Lly(t)yl-1= %— or (52+1) Liy(t)] = 1+Pb

1 e *
Lly(t)] = +
y(H] 241 5(52+1)
s ]
S T R R B e
2+ | s(s2+1) |
' (t) = sint Ifl[ ] (1)
ie., = sint + —_— .
s Ls(52+1)J
In respect of the second term, let f(s) = —21——-
s5(8°+1)
let f(s)——l——-l-— % by partial fractions
s(£+1) s @41 b '
1 -1 5
NOW; L [ (S)]_L N L
f [b:| {sz-kl}
ie., f(ty=1-cost

Wealsohave, L™ 1 [¢ 5 F(s)] = f(t=1)H(t-1)
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e
e, LM ——— | = [1-cos(t-1)]H(¢-1) )
s (s241) |
Thus by using (2) in (1) we get,

y(t) =sint+[1-cos(t-1)1H(t-1)

85. Solve by wusing Laplace fransforms : y"(t)+y(t) = F(t) where

F(t) = {4’ O<t<1 subject to the conditions, y(0) = 0 and y'(0)=1

3, £>1
>>  Taking Laplace transform on both sides of the given equation we have,
Lly" () 1+L1y ()] = LIF(t)]
e, 1S LIy()]=sy(0) =y (0) + LIy ()] = LIF(t)]
Using the given initial conditions we obtain,
(1) Lly(H1-1=L{F ()] )

=]

i oo
Now LIF(t)]= [ F(t)dt = [erstEceyaes [ F ey

0 0 1
1 o
e, LIF()]= [4e " at+ [30° at
0 1
— &t — st _
:a{"——}ﬁ{f’ } e U ST
—g - N
0 1
Hence, LI F ()] =§—%e‘5 . (2)

Using (2) in the R.H.S of (1) we get,

4 ¢oF
2 _ z_
(s +1)Ly(t)—1+5 .

4 et

or Ly(t) = +

1 s(2+1) s(s2+1)

1
-+
[ s ]
SR an e Y| S S 5 B
y() |L52+1}+ [5(52+1) lLs(32+i)J

[ Refer Problem-84 for the inverse of the second and third terms |

Thus  y(t) = sint+4(1~cost)-[1-cos(t—-1)1H(t~-1)
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B6. Solve the following boundary value problem by using Laplace transforms:
¥y () +y(t) =0 ; y(0) =2, y(n/2)=1

>> Taking Laplace transform on both sides of the given equation we have,
LTy"(ty]+Ly(t) = L(0)
e, 2Ly () -sy(0)=y’ (0)|+Ly(t) =0 e

Lel us assume y’(0) = a where a is a constant to be found later and we have
y(0) = 2 by data.

Hence (1) becomes,

(s°+1) L{y(t)]-25-a =0

ie., (52+1)L[y(t)}:25+a or L[y(f)]:2;+;l
5+
(y =207 =2 |hart| 1
Y s2 41 s +1
ie., y{(t) =2cost+asint ()

Now we shall use the condition y(n/2) =1
Hence (2) becomes y{(n/2) = 2cos{n/2)+asin(n/2)
ie., 1=0+a . a=1

Thus y(t) = 2cost+sint

t
87. Solve by using Laplace transforms :%+ 2y+jydt =te ! given that
0

y(0)=1

t

>> The given equationis y ' (t)+2y (t)+ Iydt =te!

0
Taking Laplace transform on both sides we get,
t
Lly (t)]+2Lly()1+L| Jy(eyar|=Liete]
0

Lly(t)] __ 1
5

e, [sLIy(D1-y(0)is2Ly()+ T
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1 1
ie., s+2+ | L[y(t)] =1+ ———-=, by usi )y =1
(a SJ [y(t)] (417 y using ¥ (0)

2,9
ie., F +2~b+1}L[y(”]=g‘+"ﬁl&”
8 (S+1)'_
. 1 8 5
L f = i 1 = P
or [y ()] (S+1)2{ +(_«;+1)2} (s+17 (s+1)8

=LY —s et S
N [(s+1)2}+ [(s+1)4}

_ L_l{(sﬂ)—l}ﬂ_{(sﬂ)—1]

(s+1)° (s+1)*
- e“L‘l{——SzlJJre_tL'l[s-;l]
§ LS

SOy

Thus y(t) = ¢ ‘(1-t+£/2-F/6)

88. Find f(t) from the following equation : f’(t) = t+j f(t—u)cosudu ;
0

f(0) =4

>>  Taking Laplace transform on both sides of the equation we have,

t
LIff(t)] = L(t)+L[J._f(t—u)cosua'u}
¢

[ ¢
ie., sL[f(t)]—f(O):—lE-kL‘J‘f(t—u)cosuduj
5 LO

t
ie., sf(s)=4+-15+L{J.f(t—u)cosudu] (D)
5 0

by using f(0) = 4



462 LAPLACE TRANSFORMS -2

We have convolution theorem in the form:

-

t

L If(t—u)g(u)du =J7(s)-§(s)
0

Taking g(u) = cosu, §(s) = L{g(u)] = 5—
s+ 1
r 1

t
L If(t—ll)C0511dL¢ = f(s)- 5
0 8

5

+1

Using (2) in the RH.S of (1) we get,

S

_ 1 -
Sf(S) = 4+“2”+f(5)-—2-"_“
5 5

+1
3 2 2 2
. - 5 45+ 1 - (45" +1)(s°+1)
ie., (s) = or f(s) =
f {52+1} 52 $°
. - 45t 454 +1 - 4 5 1
ie., f(s)=———5— or f(5)=:+f3+f5
s s s
= Yy o1 1 1
Now L '[f(s)] =471~ [+507! Aﬂu N
k“") s7 ) 8
f2 f4
ie., f(f):41+5?+m
t2 ¢!
Thus f(t) 4+T+EZ
89. Solve by using Laplace transforms :
2
L:izx-kmzx:asin(mt+a},x(0)=0:x’(0)
f

>>  The given equation is x”(t)+m2x(t) =asin{wt+a)
ie., x”(t)+(u2x(t)=afsinwtcosa+cosmtsina;f

Taking Laplace transform on both sides we have,

L[x”(f)]+u)2Lx(t) —agcosoL(smwt)+asinal(coswt)

ie., ";52Lx(t)—sx(O)—x’(O)_i’+(02Lx(f) = 2COS U 2 tasino-

52+Li)2

. 2)

5

2

5+ w
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. acoso-w asing-s
ie., (s +0?)Lx(t) = s —
s+ w s +w
ACoso-m , §
or LX(f)'—"—Q“—"z'—Z+HSlI‘lO€'—2———;,‘—2
(s"+w) (5°+w)
-1 1 1 , -1 8
x(t)=owacosol™ | ———— |+asinal 553
(s°+w ) (s +w")

Recollecting the standard inverse Laplace transforms we have

1 . ) tsinwf
x(t)=u)acosa-ﬁ—3(sm(ut—-u)tcosu)t)+asma- —
2 2w
acoso | acos ¢t asino
= 3 sinwit— tcosw i+ tsinwt
2w 2w 2o
acosd | at . .
= 5 st~ = {coswtcos o~ sinwtsina)
20 0
acoso | at
= 5 Smaf-——cos(wt+a)
2@ 20
a .
Thus x(t)=*—E{cos(xsmwt—mtcos(wﬂ-a)}
2w

Solution of simultaneous differential equations

90. Given that %H}y =0, E%—%c =0 and x(0) =2, y(0) = 1, use Laplace

transform method to find x and y in terms of t.

>> The given equations are x’ (¢)+4y(t) = 0, 9% (t)+y'(t) =0,

Taking Laplace transform on both sides of these equations we have,
LIx"(£)]+4Lly(t)] = L(0)
9L x(t))+L[y (t)Y] =L(0)

ie., SL[x(t)]-x(0)+4L{y ()] =0
=L [x(t)J+sLiy(t)]-y(0)=0

Using the given initial conditions we obtain,
sLIx(t)]+4L[y(t)] =2
—9L[x(£)1+sLly(t)] =1

or 9 L[x(t)]+3€6L[y(t)] = 18
—95L[x(t)]+52L[y(t)]=s

Adding, (s°+36) L[y(t)] = s+18
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5+18
or Liv(t)yl =
/ % +36
- 5 3 -1 6 A
(¢) = L1 3L
/ P +6° s+ 67 )
Thus  y(t) = cos6t+3sin6t (D
- 4 _gy o 1dy
Consider it -9 =0 or x = 9 4t
ie., x(t):%(—ésin()tJrlScosét)
Thus x (t) = -;—(3c056t—sin6t) -{2)
(1) and (2) represents the solution of the given equations.
) dx dy .
91. Solve by using Laplace transforms -CE—-?.y = cos 2t, dt+2x = sin 2t ;

x=1,y=0at t=20
>> The given system of equations are,
x' (t)-2y(t) = cost

2x(t)y+y (t) = sin2t

(D)

with the initial conditions x(0) = land y(0) =0
Taking Laplace transform on both sides of (1) and (2) we have

Lix"(t)]-2L[y(t)] = L{cos2t)
2LIx () ]+ L[y (t)y] = L{sin2t)

[SEIx()]-x(0)]=2L[y(#)] = s/5°+4

2L x ()] +{sLIy(t)]-y(0): = 2/s*+4

Using the given initial conditions we have,
SLIx(E)]=2LLy (1) ] = 1+(s/5°+
2 [x ()] +sLiy(t)] = 2s°+4
Let us multiply (3) by s and (4) by 2

4)

SLIx(t)]-25L{y(t)] = s+ (25 +4)

AL[x(8)] +2sLIy(t)] = 4/s°+ 4
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2
Addingweget,(sz+4) Lix(t)] =s+ 25 + 24
s°+4 s°+4
je,  ($2+4)L{x(t)]=s+1
or  L[x(t)]= 5;1
s +4
- 5 -1 1
x(t)=1L"1 +L
(sz+22J (s%f}
Thus x(t)=c052t+%sin2t .. (5)
. . dx
Tofind y(t), letus consider E—?.y = cos 2t
= %{%—cosﬂ:l = %[%(COSZt+%sin2tJ—COSZt}
e, y(t) = %[—25m2t+cos2t—cos2t] = ~—sin 2¢
Thus y(t) = —sin2t ... (6)

(5) and (6) represents the required solution.

92. Solve the following system of equations using Laplace transforms
dx ¢ody
Ly =

T cop tu= sint ; given that x = 1, y =0 af £ =10
3 . L .

>> The given equations are,
x'(t)—y(t)=et ..
x(t)+y (t) = sint . (2)
x(0)=1 and y(0) = 0 are the given initial conditions.

Taking Laplace transform on bothsides of (1) and (2) we have,
LIx"(1)]=LIy(H)] = L(e")
Lix(t)]+L[y ()] = L(sint)

ie., sLIx(t)]-x(0)-L{y(t)] =1/s-1
LIx(t)]+sL{y(t)]-y(0) = 1/s*+1

Using the given initial conditions we obtain,
sLIx(E))-L{y(t)] =1+(1/5-1)
LIx(t)]+sLly(t)] = 1/s2+1
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or szL[x(t)]—sL[y(t)]=s+(s/s—1)

LIx(t)] +sLly(#)] = 1/s?+1

Addingweget,(32+1) Lix(t)] =S+L+ 21
s=1 5541
5 5 1
or Llx(t)] = + +
241 (s-1)(s°+1) (s2+1)?
- 5 -1 s -1 1
x(t)=1L"" +L + L7 ———— )
[52+1} {(s—l)(sz+l)} {(szn)z}
Let s ; _ A +B§+C
(s-1)(s°+1) $-1 41
or s=A(s*+1)+(Bs+C)(s-1)
Put s =1 : 1=A(2) L A=1/2
Puts=0 :0=12+C(-1) .~ C=1/2

Equating the coefficient of s> on both sides we get,
0=A+B .. B=-172

1. _ 1 1 _ s 1 _ 1
Now, L7! 5 S B 1,1
o [(s—l)(sz+1)jl 2 {S—l} 2 21| 2 P+1
ie., Lﬂl{(s_l)s(sz-”)}=%(et—cost+sint) (4

2 203

_ 1
Further we have L 1{?““_2?} =i(sinat—atcosat)
s“+a

L‘{ﬁ}:%(sint—tcost) . (5)

Hence (3) as a consequence of (4} and (5) becomes,

1 1
x(t) = COSt+§(et—cost+sint)+§(sint—tcost)

1
Thus x(t) = E(et+cos t+2sint—tcost) ... (6)

dx ¢

Also from (1), y(t) = yrinld
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. 1 . .
ie., y(t)=E(et—smt+2cost+tsmt—l-cost)—et

Thus y(t) = %(tsint+cost-sint—et) .. (N

93. Solve by using Laplace transforms % = 2xv -3y, %‘lﬁ = ¥y —2x given that
¥(0)=8 and y(0) =3
>> ’Ihegivenequationsare,x’(t)—Zx(t)+3y(t)=O
26 (Y +y (£) =y (t) = 0
Taking Laplace transform on both sides of these equations we have,
LIx"(8)]-2L[x(t)]+3L[y(t)] =0
LIx () I+Lly (H)]-Lly(t)] =0
ie., sL{x(#)]-x(0)-2L[x(t)]+3L[y(£)]1 =0
2L[x(t)1+sLIy(£)]-y(0)~Ly(£)] =0
Using the given initial conditions we obtain,
(s=2) L{x(t)]+3L[y(t)] =8
2L {x()1+(s-1) L{y(t)] =3
or (s=1)(s-2) L[x(t)]+3(s-1) L[y(t)] = 85-8
6L[x(t)]+3(s-1) L{y(#)] =9
Subtracﬁngweget,(52—3s—4) Llx(t)] = 8-17

- 8 —17 1 8s—17
by =L —— | = B
*o) [52-35-4J [(5_4)(5+1)}
8s-17 A B

(s—4)(s+1) B 5—4+s+1
or B8s—-17 = A(s+1)+B(s-4)

Let

Put s =4 : 15 = 5A L A=3
Put s =-1 : -25=-58B . B=5
-1l 1 -1 1

= —— |+ 5L —_—

Now «x(t) = 3L [5_4} 5 [s+1}

Thus x(t) = 3™ +5¢°¢ (D)
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dx C_ [ i
Consider it =2x=-3y .. y= B[Zx-dt}

(~6et +15¢° 1)

e, y(t) =3[ 203H 450 - (12 -5e7) | = 5

Thus y(t)=5e_t—284t @)

(1) and (2) represents the solution of the given equations.

94. Solve the following system of equations by using Laplace transforms.

de dy ., dy dz o, odz o dx o e myez = .
at T dr = 2z, i T = 2v, ETR = 2y giventhat x=y=z =1 when t = 0.

>> The given equaitons are,
X' (t)+y (1) = 2z(t)
y' (t)+z'(t) =2x(t)} x(0)=1=y(0) = z(0) are the initial conditions.
' (t)+x" t) =2y (t)
Taking Laplace trar sform on bothsides of these equations we have,
sL{x(t)] x(0)+sL{y(t)]-y(0) =2L[z(¢)]
sLIy(t)]- y(0)+sL{z(¢)]-2(0) =2L[x(t)]
sL{z(t)]- 2(0)+sL[x(t)]-x(0) = 2Ly (¢)]

Usingthegiveninit alconditionsweobtain,

sL{x(t)y +sL{y(t)]-2L[z(t)] =2 D

—2L[x(t) +sLy(t)]+sL[z(t)] =2 ...{(2)

sL{x(t) =2L[y(t)]+sL[z(t)] =2 -3
(1)%2+(2)xs (s2+425) LIy (t)]1+(s?—4) L[z(t)] = 25 +4

()

(1)-(3) (s+2) L{y(t)]-(s+2) L[z(t)] =0 . (5)

Now (4)+(s—-2) < (5) will giveus
(s2+2s+< -4) L{y(#)] = 25+4
ie., (252425 Y L{y(t)] = 2(s+2)
ie,  2(s*+s— )LI{y(t)]=2(s+2)
ie., (s+2)(s 1)L[y()] =(5+2)

or L[y(t)]——;—_% = y(t):L‘l[s%l]wf
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Now (5) becomes (s+2);—}I—(s+2) Llz()]1=20

L{z(#)] N z(t)=¢

s5—-1
But y () +z (t)y = 2x(t)
ie., et+et=2x(t) or 2x(t)=2et Lox(t)y=é

Thus x(t) = ¢ = y (1) = z(t) represents the solution of the given system of
equations.

ADDITIONAL PROBLEMS

2
3s+7 541
95. Find the inverse Laplace transforms of (i) —— -~ (ii) log ——
g 4 / s?-25-3 5 s(s+1)

>> (i) -25-3 = (s5-3)(s+1)

3s+7 A N B
(s=3)(s+1) s-3 s+1

or 3s+7 =A(s+1)+B(s-3)
Put s5=3 :16 = A(4) L A=4
Put $s=-1: 4=B(-4) .. B=-1

-1 3s+7 _ -1 1 -1 1
Hence L [——(5—3)(s+1)}_4L [5_:} L [5+1}

Thus L_l[ 3s+7 :|=483t—e_t

Let

W

& —25—3

s2+1

. . -1 y7 —
SGot1) Tofind L " [f(s)] = f(#).

i)  Let f(s)=log
f(s) = log(52+1)—logs—log(5+1)
F(s) = - ijl 1 ‘s‘iﬂ
R IR

ie,  tf(t)y=14+¢'-2cost

1+e f-2cost
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. . : : 1
9. Find the inverse Laplace transfornrof -5 -
s (s+1)

1 A B
>> Let & = —+ C

= =+
S(s+1) § 2 s+l

or 1=As(s+1)+B(s+1) +Cs°

Put s =0 : 1=28B

Put s = -1 : 1=C

Equating the coefficient of s2 on both sides we get
0=A+C and hence A = -1

_ 1 1| 1 -1 1 1| 1
N L] — | =-L - L s L
o {52(s+1)} [5}+ [52}+ [5+1:|

. . . . s+1
97. Tind the inverse Laplace transform of ——--=5—=——

(s—lf(s+2j

s+1 _A+B+C
(s—1)(s+2) s-1 (s-1y s+2

>> Let

or s+1=A(5-1)(s+2)+B(s+2)+C(s-1)

Put s=1: 2 =B(3) .. B =273

Put s=-2: -1=0C(9) L C=-1/9

Equating the coefficient of 5% on both sides we have,
0=A+C . A=1/9

-1 s+1 Y S U SR | 1o 1
Nowl s=1Y (s+2 _9L s-1 +3L s—1) 9L $+2
(s-1)(s+2) (s-1)
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r s 1
98, Foaluate 11 | S A 1—3L
1 " P heer 13 (s-2 |
>> WehaveL™! L +L1 s+3 -1 S
+3 s?+65+13 (s—2)°
L
-1 —3t
L
5+3
i B
Lt Tl&_ =71 st+3 =¥l 5 2 ¢ cos 2t
| s"+65+13 (s+3)+4 542
1)1 #,-1] 1 y £ AP
| (s-2) LS 2! 2
Thus the required inverse Laplace transform is given by
e 3+ &3 cos2t— A
251 e
99. Find the inverse Laplace fransform of (i) ——"— = - (if) — =
2+25+17 (s~3)
) 2s-1 2s—1 2{s+1)-3
> 0 = = 7,02 2. 2
sT+25+17  (s+1) +4 (s+1) +4
-1 225—1 _ -1 2(S+12)—i _ -l 225-32
55+ 2 +17 (s+1)+4 5°+4
—¢ -1 s -1 1
2L -3L
{ (52+42J [52+42”
Thus L7 —2s-1 = t(2cos4t—§sin4t)
P +2s+17 4
(ii) Lt —1—5 =Sl % =e3tt=f(t)(say)
(s—-3) 5
6_25
Now 71 Sr = f(t=2)u(t-2)
(s=3)
— 25
Thus L1 = {202 (po2)) u(t-2)
(s=3)
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100. Using conevolution theorem, find the inverse Laplace transform of
$
(s=1)(5+4)
1 $

(s-1)(s*+4) s-1 244

>> Letus write

Now let f(s) = - ; g(s) =

s—1 P44

UFs)yl=ft)y =6 ;L7 g(s)] = g(t) = cos 2

We have convolution theorem,

t
U Fs)-g(sH)l = | flu) g(t—uydu

=20
t
ie., L_l[ > > }: _[ e cos (2t -2u)du
(s-=1)(s"+4) | ",
ax
We have, Ie“x cos(bx+c) dx = 2 2 [acos{bx+c)+bsin(bx+c)]
a+

Herea = 1,b=-2,c=2t, x=1u

t
u
- s .
! ) =[P—{cos(—2u+2t)—25m(—2u+2t)}}
(s—-1)(5°+4) 5 W=0
- 1
Thus L * > 3 == {et—cos2t+25in2t}
(s-1)(s°+4) | 3
101.  Find the inverse Laplace transform of ———————-— using convelution

("+2)(s7+9)
therorent.

1
2

- 1
>> Let f(s) = ; g(s) =
/ s +4 # 249

Taking inverse,

sin 2t sin 3t

f(0) =57 5 g =75
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We have convolution theorem,

t
LV [F(s) 2(s)1 = [fluyg(t—u)du

=10

t
L_l[ 1 } _ J‘sm2u sm(3t-3u)du

(2+4)(s%+9) w0 ? ‘ 3

==

t
ie., I sin 2u - sin ( 3t — 3u ) du
=0

I
= e
o ™

% [cos(2u-3t+3u)~cos(2u+3t—3u)] du
0

¢
-1“15 I[cos(5u—3t)—cos(—u+3t)]du

W=

t

sin( 5u - 3¢) _ | sin{—u+3t)
5 -1

=0

u
(sin2t+sin3t)+(sin2t~sin3t)}

. 4 1 . 1.
stt—SsmSt} =10 sm2t—15 sin 3t

1

1 . 1 .
} = 10 sin2f— 15 sin 3¢

2
d d
103, Solve the differential equation '*'4211 + &';i -2y = —-4; y(0) =2,
dx :

y {(0) = 3 by using Laplace transforms.
>>  The given equation is vy (x)+y ' (x)-2y(x) = -4
Taking Laplace transforms on both sides we have,

Lly"(x)]+L[y " (x)]-2L[y(x)] = L(-4)

Le., [52Ly(>«f)—Sy'((])—y'(ﬂ)JL +1sL{y(x)]-y(0)}-2L[y(x)] =

4

S
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Using the given initial conditions we obtain,

(245-2) LIy (x)]=25 =3 -2 = -
e, (Fs=2)LIy()] = (2545)-2
2
e, l(s=1)(s+2)] Lly(n)] = ZE2=2
252 +55—4
or L{y(x)]=8(s—l)(s+2)

2
=1 25+ 55— 4
yxy=1 I:S(s—l)(s+2)}

2%°+55-4 A B C

= —+ +
5(5-1)(s+2) § s5-=1 s5+2

Let

or 262 +55—4 = A(s—1)(5+2)+Bs(s+2)+Cs{s5-1)

Puts = 0 : -4=A(-2y .. A=2
Puts =1 : 3=RB(3) L B=1
Puts = -2 -6 =C(6) C=-1

Hence we have,

PR D RS-y SN RREY I T RS B U N B
L [s(s—-l)(s+2)]—2L {s}i [s~1} L [s+2}

Thus y(x) =2+ —-¢ >

dy

dy _
dt =0

-3y = sinf{, given y = 0, i

, d*
103. Using Laplace transforins solve "(;—;'i +2
: t
when t =10

>> The given equation is y” (t)+2y ' (t)-3y(t) = sint with the initial
conditions ¥ (0) =0 and ¥y’ (0) =0

Taking Laplace transforms as both sides of the given equation we have,

Liy”(t)I+2L[y (t)]-3L[y(t)] = L(sint)

| 1
le., (S LLy () 1-sy(0)-y (0) +2{sL{y()]1-y(0)}-3L[y(t)] = 2,
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Using the given initial conditions wehave,

or

Let

or
Put
Put
Put

ie.,

(2 +2-3)L[y(t)] =

55+1
LIy(H] = ——b R —
(s°+1)(s°+25-3) (2+1)(s-1)(5+3)
. 1
ty=1L"1
y(H [(52+1)(s—1)(s+3)
1 As+ B C D
= +

2 . 2 s—1 s+3
(s"+1)(s~1)(5+3) s +1 §

1= (As+B)(s—1)(s+3) +C(s*+1)(5+3)+D(s2+1)(s5-1)

s =1 : 1 =C(8) or C=1/8
5=-3 : 1=D(-40) or D =-1/40
s=0 : 1=B(-3)+C(3)+D(-1)

1=-3B+3/8+1/40 or B = -1/5

Equating the coefficients of s on both sides we get

104. Using Laplace transform method solve, ‘ng -3 ﬁ +3 dy

0=A+C+D or A=-110

! !
(s°+1)(s-1)(s+3)

-1 1 1
= —— - = -+ — _——
y(t) 10 cost 5 sin ¢ g ¢ 408

df dt

y(0)=1y"(0)=0, y” (0)=-2

>

The given equation is

YUY =3y () 3y () -y () = 24

Taking Laplace transform on both sides we have,

LEy" ()1=-3LLy" (£)1+3L [y’ (£)1=Ly(t) = L( %)

475

-y = ot given
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e, LIy ()]1-52y(0)=sy’ (0)=y” (0)|-3{SLIy(t)] ~sy(0)-y’'(0)

2
3{sLIy () -y (O) | -LIy()] =
+3{sLLy () 1=y (0)[-LIy(t)] Go17

Using the given initial conditions we have,

ie., (232 +3s—1)Ly(t)]-s°+2+3s-3 = 2 ’
(s-1)
ie., (s—1YL[y(t)] = (s°-3s+1)+ 5
(s-1)
or Ll (t)1252—35+1+ 2
/ (51  (s-1)
) _
_ ~-3s+1 - 1
py =1 1| 2280 | 4ot
y( ) [ (5_1)3 ] |:(5-1)6:| (1)
Now, L-! S=3s+1 :L_lf{(s-1)2+25w1}—3s+1
’ (s-1)° (s-1)
e, = ! (=17 |
’ (s-1)° J
1] =1 == -1
(s—1)°
2
t,-11] 8 w—S“1]
=¢ L { 3
ot L—1|:_1_:|_L—1 1y_;11 1
e{ 8 s2 $
P2 2
S B N Y PR
' _(s—u3}_€(1t 2]
aiso 2 Jogupt[L]ogut ey
_(5—1)6 0 : 0

Thus by using these results in the R.H.S of (i} we have,

£ P
— o LI
y(t)=-e {1 t 5 +60}
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105. Solve, wsing Laplace transform, the differential equation

d? i
-(;15""—3'%4»2}; = 1-¢2¥ given that y(0) =1 and g;l =1 af ¥ = 0.

>>  We have to solve Y (x)}=3y (x)+2y(x) = 1- e subject to the conditions
y(0)=1land y'(0)=1

Taking Laplace transform on bothsides of the given equation we have,
LIy"(x)1=-3L1y " (x)]+ 2L1y (x)] = L(1-&*)
ie., {szL[y(x)]—sy(O)—y'(o)}—3{sL[y(x)]—y(O)}+2L[y(x)]

1 1
5 5-2
Using the given initial conditions we have,
(#-3542) Lly(x)l=s-143 = =2 .
2
fe., (52—3s+2)L[y(x)]=(s—2)—m
‘ 2
1., (S—l)(s_z)L[y(x):[:(s_z)—s(s_z)
or Lly(x)] = - 2 |
s (5-1) s(s-1)(s5-2)°
_ 1 -1 2
S St} I B o1
y(x) [s—l} [s(s—l)(s—Z)z} @
2 A B C D
Let —+ +

= +
s(s=1)(s—-2) & s~1 s5-2 (s-2)°

or 2=A(5-1)(5-2)+Bs(s-2) +Cs(s—1)(s-2)+Ds(s-1)

Put  s=0: 2=A(-1)(4) L A=-172
Put s=1: 2=B(1)(1) . B=2
Put s=2: 2=D(2)(1) . D=1

Also by equating the coefficient of s> on both sides we get
0=A+B+C s C=-372
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Now L‘l{ 2 2}
s(s—-1)(s-2)

_ l X §2x 2%
=-3 1+ 2e¢ 5 € +e7 - x
Hence (1) becomes
y(x)=ex+%—2e"'+%ezx—ezx-x

Thus y(x) = %—ef"+% 2 _ . x is the required solution.

8.5| Application of Laplace transforms

Vibrations of string

It is obvious that a spring vibrates when it is put into motion. Let us suppose that an
elastic spring is suspended downwards and is appended with a body of mass m to its
lower end. When the string carrying the mass vibrates freely there is a resistance due
to the medium opposing the movement resulting in damped vibrations.

If y is the downward displacement of the body from the equilibrium position at time

dy d?y
t then It is the velocity, —Emf is the acceleration of the body at time {. y satisfies
t
the differential equation
2
A7y, Wy
mdt2+cdt+ky 0 (1)

where ¢ is the damping coefficient and k is the spring modulus.

If the medium does not cause any resistance to the vibrations, then we have undamped
vibrations. :
Insuchacase ¢ = } and(1)becomes

2
m%+ky=0 @)
t

If ¢>0 then we have resonance damped vibrations

If an extra time dependent force function f(t) is appended onto the body (1) and (2)
assumes the form
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dy
dt 2
d’y

and mdt2+ky:f(t) . (4)

+c%+ky=f(t) | - (3)

Deflection of beams

Consider a uniform beam supported at both the ends is set to deflect from a horizontal
position. Suppose it is subjected to a verticalload w (x) then the deflection y{x}) at
adistance x from one end of the beam satisfies the differential equation

4
Efffgg:w(x) ... (5)

where E is the modulus of elasticity and ! is the moment of inertia. EI is a constant and
is called flexural rigidity of the beam.

L-R-C Circuits

Anelectric circuit consisting of an inductance of L henrys, capacitance of C farads and
resistance of R ohms connected in series is called an L-R-C circuit. If E volts is the e.m.f
applied to an L-R-C circuit then the current f measured in amperes in the circuit at time
t is given by the differential equation

di picd
Ldt+Rz+C~E(t) ... (6)

Here g is the charge measured in coulombs. This is connected with the current i by the

. . iq
relation { = at

Thus (6) can also be put in the form

d? d
L;zq+Ra—il+—LCl=E(t) )

so that 4 can be found. Differentiating (6) we have

d2i di i )
Ldt2+Rdt+C=E(t) L (8)

so0 that i can be found.

The differential equation in an L-R circuit is given by

di .
LE+R1:E(t) (9
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ILLUSTRATIVE PROBLEMS

_ . . d*x d
1. A particle moves along the x-axis according to the law fdfi +6 {1}; +25v = 0. If
t

the particle is started at x =0 with an initial velocity of 12ft/sec to the left,
determine  x in terms of t using Laplace transform method.

>> The given equation is
x"{(t)+6x" (t)+25x(t) =0 (D)

dx _
Tt
ie., x(0) =10, x"(0) = —12 are theinitial conditions.

and x=0att=20 —12 at t = 0, by data.

Now taking Laplace transform on both sides of (1) we have
Llx”"(e)}+6L[x"(t)]+25L[x(t)}=L(0)
e, {SL{x(t)]=sx(0)—x"(0)}+6{sLEx(t)]=x(0)} +25L[x(t)] =0

Using the initial conditions we obtain,

(P+65+25) L[x(1)] = =12 or L[x(t)]= 22—
2
57 +65+25
x(t)=-120" 3—;
s +654+25
=121 _% = _1p 3! %
(s+3) +4 s*+4
ie., x(t) = —12¢73 %ﬁ

2. lsing Laplace transforms method solve the problem of resonance damped
vibration of a spring.

2 )
>> The governing d.e is given by m%—g+c%+ky=0; >0
f

d’y cdy k

or e mdt m

y =0

Letusdenote ¢/m = 2A and k/m = u2 for convenience so that the d.e assumes the
form

y () +2hy (B +p’y(t) =0 ()
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Let y(0) =y, and y'(0) = y; be the initial conditions.
Taking Laplace transform on both sides of (1) we have,
LIy"()1+22 L1y () ]1+p LIy ()] = 0

je., {szL[y(t)]—-sy(O)—y’(O)}+2MsL[y(t)]my(O)} +2LIy($)] =0
Using the initial conditions we obtain,

(52+27Ls+p.2)L[y(t)]—-yos—yl—ZlyO =0

) Yo 5 (¥, +2AY,)
ie., Lly(t)] = > 5+ 21 02
STH2A5+ U (ST42As+u%)

7 y.+2hy,
- § -1 1 0
() =y, 'Y 50— | +171| 21—
! % [52+2)LS+}L2J [52+2?~5+u2}

=y -] (s+A)—A 93 -1 1
" [(S+k)2+(u2—k2) TR R )

Denoting uzwk2 = v we have,

—Atp-1| S—A At -1 1
ty=y,e " L = 1+, +2 A e "L -
y(t) =y, {524""’2} L Yo) Lzﬂsz

y(t) =yoe_“[coszrt-—-(l/v)smvt]+(yl+27ky0)e"Msinvt/v
y{(t) =e_“[yocosthr(?LyO/v)sinat+y1sinvt]

Thus y(t) = e'lt[yocosvt+{y1+(ly0/‘0)}sinvt]

where A = ¢/2m, u = Vk/m and v = W

3. By wsing Laplace transforins, solve the probiem of nudamped forced cibrations of

a spring in the case where the forcing functionis f( ) = A sin ot
>>  The differential equation associated with the problem is
m%h’cy = Asinwt or %+%y = %sinwt.
Let 22 = k/m and K =AM
The d.e assumes the form
Yy () + A2y (t) = psinw ¢ (1)

Let y(0) =y, and y’(0) = y, be the initial conditions.
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Taking Laplace transform on both sides of (1) we have,
LIy”(t)]+A°Lly(t)] = uL(sinwt)

. ; W

e, {SLLIy(t)]-sy(0)-y (O} +32LIy(t)] =

sS4+

Using the initial conditions we obtain,

) 2 42 K@
1e., 5 +?\. L t —5 - = =5
( ) LIy (t)1-syy—y, 2 10l

St % U

L =
* Ly ()] (s2+A2)+(52+12)(52+m2)

_ 1 _ 1
ty =y L1 5 +y, L7} + u)Ll
y(t) Yo [52+12} Y [52+)&2} # (52+A2)(52+(u2)

- Lo -1 1
y(t) —yocos)kt+;\ sinAf+pwl {(52+K2)(52+0)2)} ... {2)

In respect of the last term, let 52 = t for convenience and we resolve into partial
fractions.

1 _ 2 b
(t+l2)(t+u)2) t4A% tto

Let s or 1=a(t+o)+b(t+22)

Put t = —0% : 1=0b(A-0?) . b=1/A%-0

|

- i l=a(e?-22) soa=-1A%-

1 1 - 1 _ 1
-1 _ -1 _i-1
{(52+k2)(s2+m2)] Az-mz{ (52+m2] [52+12}}

- 1 1 sinwt sinAt
ie., ! = - . (3)
{(52+A2)(52+m2)} ?Lz—mz{ W A ]

Thus by using (3) in the R.H.S of (2) we get,

Put ¢

A 12__ 2

L
y(t) =y, cos A t+= sink t+—”—[sinm t—*g:"sinl t]
0

1. A particle undergoes forced vibrations according to the law
YUY+ 250 (t)y = 21 cos 2t If the particle starts from vest al t = 0 find the
displacement at any time | >0 using Laplace transforms.

>> We have x” (£)+25x(t) =21cos2t ; x(0)=0, x"(0) =0 from the
given data.

Taking Laplace transform on both sides of the equation we have,
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LI{x"(¢)I+25L[x(¢t)] = 21L (cos 2t)

ie., {SZL[x(t)]—sx(O)—x’(O)}+25L[x(t)] = 2215
s°+
Using the initial conditions we obtain,
(s2+25) L[x(#)] = 2215
5°+4
- 215
x(t) =L — 5
(s°+4)(5°+25)
21s As+B Cs+D
Let 5 5 == +
(s°+4)(s°+25) 5°+4 5°+25
or  21s = (As+B)(s>+25)+(Cs+D) (2 +4)
Comparing the coefficients of s, s%, s and constant on both sides we get,
A+C =10 : B+D =20

25A+4C =21 ; 25B+4D =0
By solving theseweget, A=1,B=0,C=-1and D=0

Hence L_l{ > 2152 }= L_l[ 25 }—L_l{%ﬂ}
(s"+4)(s°+25) s+ 4 s°+25

Thus x(t) = cos2t— cos 5¢

5. A particle is moving with damped motion according to Hie low
.

a1 da . . .

I TR U Af the fiifinl position of He particie is at v~ 20 and Fhe
g ¢ f

gF

miiinl speed is W0, find the displaccment of the particle i any Hawe Fusing Laplace
transforms,

>> The given equationis x” (t)+6x (£)+25x(t) =0

Initial conditions are x(0) =20, x"(0) = 10

Taking Laplace transform on both sides of the equation we have,
LIx”(t))+6L[x"(t)]+25L[x(t)] =0

e, {SLIx(£)]-sx(0)=x"(0)}+6{sLIx(#)]-x(0)}+25L[x(£)] = 0

Using the initial conditions we obtain,

(s +6s+25) L[x(#)]=20s-10—-120 = 0
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ie., L[x(f)]=§gii@“
s“+6s+2b
x(t) = L1 SR
(s+3)°+16
e, x(ty=11 2T
(s+3)+4
=gty M =g“3t 20cos4t+@sin4t

Thus x(t) = 10 ¢ > (2 cos4t+7/4-sin4t)

6. Avoltage Ee ™ isapplicd at t = 0 1o a circuit of inductance I resislance R.

Show that the curvent al any time tis Pt R ,L
) R-al’

>> The differential equation in respect of the L-R circuit is

L%+Ri= E(t) where E(t) = E¢"* by data.

Now the equation is put in the form
Li'()+Ri(t)=Ee™ ; i(0)=0

Taking Laplace transform ( Ly) on both sides we get,
LL1i"(t)1+RLp[i(t)) = ELp (e ")

E
ie., L{sLT[i(t)]—1(0)}+RLT{i(t)]=m
E

(s+a)(Ls+R)

e, LliCO] (Is+R) = 2= or L [i()] =

5

o E
t(t) =1Ly [(s+a)(Ls+R)}

Now, let E A4 + B
' {(s+a)(Ls+R)Y s+a Ls+R
or E=A(ls+R)Y+B(s+a) (D
E
Put s=-a : E=A(-al+R) .. A_R-»al,

Set Ls+R=0 or s=-R/L and from (1)
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_EL
EL=B(-R+al) . B=—_—=
. E __E ([ 17, 1
Now Ly [(s+a)(Ls+R)} _R-aL{LT Lm} Lip {L(5+R/L)”
. E ~at  -Rt/L
Thus 1(t)=R_aL{e“—e }

7. The current i and charge q in a series circuit containtng an inductance 1L,

capacitance C,e.m. f E satisfy the D.E. L d; +g, =Lk ; i= [ﬁ Express i and q in
- 2

terms of t given that L,C.L are constants and the valie of i, q are both zero initially.

>> Since | = jtl the D.E becomes

E
L_fi 1_g _ﬂ_‘i_ E
dt? o a2 "IcT1

ie., q”(t)+k2q(t)=u,where 22 = 1/1C and w=E/L

Taking Laplace transform ( L;) onboth sides we have,
Lrlg” () 1+X L[ ()] = Lo(n)

e, {PLla(D)]=55(0) ¢ (0) |42 [q ()] = &

But i=0,49=0att=0 bydata
Thatis g(0) =0, 4°(0) =0

Hence(82+?L2)LT[q(f)]=% or LT[q(t)]:s(sz+k2)

Q(t)=LEl[?Szlik—2J Y

1 1 (1 §
Now ————— =-—|=---—-———| bv partial fractions.
s (52 +A%) )@( 52+x2] P

L‘—l !“‘ =_J.J;L"1 l_ 5
Tolses2ea2yy | 22T |5 2432

ie., gty = i%(l—cosht) where 3? = 1/LC and w=E/L

Thus g(t) = EC|{1-cos(VI/LC t)|
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8. A resistance R in series with inductance L is connected with e.m.f L (t). The
. di ) . . .
current 1 is given by L i_t"+ Ri = EX ). If the swifcl is connected at t = 0 and
. . ,
disconnected at £ = a find the current i in terms of t.

>> Wehavebydata i =0 at t =0 i, i(0) =0 and

Ein O<t<a
E(t) ={0 if t=a

Also Li’(t)+Ri(t) = E(t) is the given equation,

Taking Laplace transform ( L:) on both sides we have
LLp[i"(8)]+RLp[i() ] = Le[E(t)]

ie., L{sLT[i(t)]—i(O)}+RLT[i(t)] = L [E(t)]

ie., L[i(t)] (Is+R) = L[ E(t)] (1)

Now to find L.[E (t)] we have by the definition,

-3

fel oo
LIE(E)] = [ E(eyde = [t Edts [t 0at
0 0 a

e_St —E a5 E —4as
:E[_S£=T(e -1)=Z(1-¢")

Using this in the R.H.S of (1} we now have,
Lrli(t)] (Ls+R) = —f—(l—e‘“s)

. _E(l_e—ﬂs)— E _ Ee—ﬂs

Lrli(t)] = s(Ls+R) s(Ls+R) s(Ls+R)

. -1 ___Ef_ﬁw -1 ﬂ_.

(=17 L(LHR)] Ly L(LHRJ @

_E __A_ B
s(Ls+R) s Ls+R

or E=A(Ls+R)+Bs

Now, let by resolving into partial fractions.

E -R -R EL
Putb—U.A—E, Puts——L—.E—B{T) R B=——R—
Hence _——'E‘l“‘_EL’ L

s(Ls+R) R s R Ls+R
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, -1 E _ _ _~R{L
ie., Ly [H_S(LHR)J_R(I e ) ... (3)

Further we have the property of the unit step function,

Ly [f(t-a)u(t-a)] = e * f(s) where f(s) = Lo[f(t)]

Taking 7( 5) =

E
s(Ls+R)

1. -1 E
then L. [f(s)]—LT {%——-S(LS_FR)J

e, () =E-eR by )
Also L}I[e_”sf(s)] =f(t—-a)u(t-a)

: ~1| ~as___E _E[_RG-ayL _
ie., LT {e s(Ls+R)}*R[1 e ]u(t a)

Qin O<t<a

But u(t_a):{lifwa

E E —

(=] as _ 1 R(t-ayL >

T [e —s( +R)} MR[ e } when t2a (4)
=0in O<t<a

Using the results (3) and (4) in (2) we get

Er _
i(t) = [ 1-¢ RVL] in 0<t<a JE
Also, i(t)=%_1-e"Rt/L]-%[l—e_R(t—“)/L}whentza
. . El _R(t-ayL_ ~R¥L
ie., 1(t)=§ e 3 }when t2a ... (6)

Thus (5) and (6) represents the required i (t) in terms of ¢.

Remark : Many of these application problems has also been solved in differential equations
method (Refer Unit-I1I)
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EXERCISES
Verify convolution theorem for the following functions. [1to 4 |
1 f(ty=1, g(t)=cost 2. f(t) =sinat, g(t) = cos bt
3. f(ty=t2 g(ty=te? 4 f(ty=¢, g(t)=cost

Applying convolution theorem find the inverse Laplace transform of the following
functions, [5t010]

2
5 6 7o
(s*+4) (5°+9)
1 5
7. ———— 8.
(s> +1) (52 +a2) (5% +D°)
% = zl 2 10. zSJrl 2
s (s +a”) (s"+2s+2)
t
2
11. Show that I {(t—u )2 cos2udu = N
0 sT{s°+4)
t 6
12. Show that [ sin(3t-3u)u’e du = — 5
o (s“°+9)(5+3)

Find f(t) from the following integral equations. [13to 16 ]
t

13. f(t) = t+ ] f(t—u)e “du
0
t

18, f(t) = 463 [ fu)sin(t—u)du
0

t
15. f(t) :t+%jf('u)(t—u)3du
0

t
16. f(t) = | f(u)cos(t—u)du; f(0) =1
0
Solve the following differential equations by using Laplace transforms, [ 17 to 30 ]
17. x”()=2x"(t)+x=¢ ; x(0) =2, x"(0) = -1
18. x” (#)+4x () +4x(t) =42 ; x(0)=-1, x"(0) =4

19. y” (£)+y (t) =e* ; y(0)=0=y’(0)=y"(0)
20. y'(t)+y=6cos2t ; y=3, y' ' =1latt=20
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’

arezeroat x = Q

4
21. Lfi—xg—16y:0 s y=Lly,y’, y”

22. Yy (t)-y(t) =cosht, y(0)=0=y'(0)
23. y”(t)+m2y =acos{wt+oa) ; y(0)=0=y"(0)
24 y"(t)+9y =18t ; y(0) = 0, y(n/2)y=10

0 O<t<cl

2 t>1 and y(0)=0=y"(0)

25. y”(t)+y = F(t) where F(t) ={

26.E+y:smt,g}i+x=cost;x=2,y=0whent:0
dt dt
dx dy
27. Gty =0, x+2 42 =0 x(0) =1, y(0) =3
B aint Pt a0y -
28. dt+y_5mt,dt—x_e,x—O,y—lwhent“O

29. A particle moves along a line so that its displacement x from a fixed point at any

time ¢ is governed by the equation
d’x dx
w2t

If the particle is initialy at rest, find the displacement at any time .

+5x = 80 sin 5¢

30. In an L-R circuit a voltage Esinw¢ is applied at £ = 0. If the current is zero
initially find the current at any time.

ANSWERS
5, lsin2t 6. L (3t cos 3t +sin 3¢ )
4 6

1 . cos bt—cos at
7. 2(smt—tcost) 8. Wm—

1 te tsint
9. ;(at—smat) 10. 5
13, t+(t272) 14. ++(3/2)sint

. -
15, Smitsint 16. 1+(t22)

2

17. x(t) = & [2-3t+(t2/2)] 18. x(t) =e 2 (2%242-1)
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-1 ¢ 2 1
19. y(t) =~2_+ﬁ+gcost—gsmt

20 y(t) = bcost+sint—2cos2t

21, y(x) = %(cosh2x+cos2x)

tsinht
2

22, y(t) =

23, y(t) = 2_“z{wtsm(mf+a)—sinasmmt}
[44]

24. y(t) = 2t+msin 3t
25. y(t)=2{1-cos(t-1)ju(t-1)
26. x(f)=2cosht, y(t)=sint-2sinht

27. x(t) =2 o7 f ey = 2074 !

1
28. x(1) =%(tsint+cost—et—sint), y(t) = E(e’+cost+2smt—tcost)
29, x(t) = 2 % (cost+7sint)—2(cos5t+sin5t)

E -
30. i(t)=¥~~-2——u—2 we M+ksinwt—u)coswt}whereA:R/L‘
L{w +A4%)
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BEATING THE MEMORY

[Formulae, Properties and Results to be remembered from all the units at a glance]

PART - A

Unit-T : Differential Equations -1 [p — y — x equations ]
Equations solvable forp = %

A d.e of first order and n™ degree is of the form.
AP T A T A T A = 0 ()
If this is expressible in the form
(p=fi(x ) Ip=fCx, )] p—f (x, y)] =0
then we have n d.es of first order and first degree
[P"fl(x; y)] = Or[p_fz(xr y)] = 01'-‘[p_fn(xr y)] =0
If Fl(x,y,c)=0, Pz(x,y,c)=0,...Fn(x,y,c)=0

are respectively the solution of these, then the product of all these represents the general
solution of {1).

Equations solvable for y
¥y =f(x,p) = de issolvable for y.

Differentiate w.r.t x to obtain
d d
;{% =p =f(x, v 32}

This being a d.e of first order in p and x the solution is of the form ¢(x,p,c)=0

Eliminating p from these two equations will give the general solution
G(x,y,c)=0.

Equations solvalbe for x
x = f(y, p) = d.eissolvable for x.

Differentiate w.r.t y to obtain

dr _ 1 ap
dy " p [x’y’dy]

This being a d.e of first order in p and y the solution is of the form ¢ (v, p,c)=0.
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Eliminating p from these two equations will give the general solution

G(x,y,c)y=0

Singular solution

If G(x, y,c)=0is the general solution, treating ¢ as a parameter we form
% [G(x,y,c)=20

Elimination of ¢ from these two equations will give ¢ (x, y) = 0, known as the
singular solution.

Clairaut’s equation

This is of the form y = px+f(p) whose general solution is y = cx+f(c).
Singular solution can also be obtained.

Unit - II : Differential Equations - 2

Solution of f(D)y=¢(x)

Stage-1 Stage-2
Finding C.F (y,) by Finding P.I( Y, ) where
solving f(D)y =0 yp:tb(x)/f(D)

Complete solution: y=CF+Pl or y=y + Y,

Stage-1 : Solution of f(D)y =0
» Formthe AE f(m) = 0 and solve.

» C.Fisbased on the nature of the roots of the A.E as summarized in the following

table.
Nature of the roots of the A.E Complimentary Function (C.F)
1. m], m2 PR mn Cl L’ml x + C2 szx g C” emnx
(real and distinct)
2. | my=m,=---=m = (c1+c2x+c3x2+-~-+cnx”"1)e"”‘
{n coincident real roots)
3.0 () ptig & (¢, cos qx+c,singx)
(a pair of complex rools) — .
(b) +ig ¢ cosqx + ¢, singx
(a pair Qf imaginary roots) ¥ (cy+e,x+--+c, Pl ) cos gx
(¢} ptigrepeated ntimes L, . 1. .
+(e] Fey x4+ +e X0 }singx
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Stage-2 : Particular solutionof f(D)y = ¢(x) or P.1 = Y, = ¢ (x)f(D)

Type of P.I Method of getting the P.I

1. P o 0x

, ayz0;
(D} fla) f
(Also applicable for (D is replaced by a )
eax+b szeloga-x A P
sinhax coshax by using their x f(a)y’ F(a) etc.
definitions) [if f(a)=0], [if f'(a)=0]

2. | sinax cosax sinax cosax )
ST s T , where f(-a°) # 0
FO) " f(D?) f(=a®) " f(=a?)

(Also applicable for (D? is replaced by —a°)
sin(ax+b), cos(ax+h)é& sinax COs ax
SN axcos bx, sinaxsin bx T NS 2
cos axcos bx by changing into . B ) fri=a)
sum) if f(-a")=0 etc.

3.1 0(x) . .| Divide ¢ (x) by f( D) by writing ¢ { x } in
f(D) where ¢ (x}is a polynomial descending powers of x and f( D) in ascending

in x. powers of D. Quotient = P
as remainder will be zero.

4. | gy ax V
= e "
(D) where V = V(x) f(D+a)
Dis replaced by D +a first & then find
V/f(D +a) premultiplied by e **

5. xV (D) y
; V=V _ )
ep) o [x £(D) Jf(D)
% ! - x }%)V_) (Repe§ted application ),
¥ cosax A" sinax P AE o N
L P T fED) F(DY (D)

Unit-III : Differential Equations - 3

Method of variation of parameters

» Given f(D)y = ¢(x) of the second order C.F is written in the form
Ye=ahtal,

¥ y=Ay +B Y, isassumed tobe the complete solution of the D.Ewhere A, B are
functions of x.

» oy Yy, and W= Y1¥, — Y,y "are found.
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» Expressions for A’ and B’ is assumed in the form :
~Y,0(x) B Y9 (x)

oW T W

Y, 0(x) ¥ 9(x)
W dx+k;, B = J W

» A(x), B(x) aresubstituted in y = Ay1+By2

r

and simplified for the purpose of integration.

> ThenA:—j dx+k,

Equations with variable coefficients reducible to equation with constant
coefficients

Solution of Legendre’s linear equation of second order in the form

ao(ax+b)2y” tay (ax+b)y +a,y = ¢(x)

» Use the substitution = log (ax+b) or e = (ax+b). The following results
are assumed to reduce the D.E into a D.E with constant coefficients.

(ax+b)y'=aDy, (ax+b)2y”:a2D(D—1)y etc. where D:g;

Solution of Cauchy’s linear equation of second order in the form

aoxzy” ta xy’+ayy = ¢(x)

»  Use the substitution t = logx or x = ¢!, The following results are assumed to
reduce the D.E into a D.E with constant coefficients.

d
xy’' = Dy, xzy” = D{(D-1)y etc, where D =

» Linear differential equation with constant coefficients is solved to obtain
Yy =Y. +y, in terms of t.

»  Substitute for f to present the solution y in terms of x.
Series solution of differential equation

(i} Power series solution of a second order ODE :
a2 d
PO(x);x—zz+P1(x)a*z—+P2(x)y=O Q)

where PO(x):tO at x = 0.

oo

> Assume the series solution in the form y = £ a,x" and substitute into the
r=20
given d.e.

> The coefficients of various powers of x are equated to zero.
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»  This results in dg, fy # 0; @y, 85,4, ... .are obtained in terms of a, and a, and these
are substituted in the assumed series solution.

»  Therequired series solution is Yy=ayF(x)+a, G(x), where F(x)&G(x)are
infinite series.

(ii) Generalized power series method or Frobenius method.

The equation (1) will have P0 (x)=0atx=0.

o

»  Assume the series solution in the formy = X a, ¥ * " and substitute into the d.c
r=0

»  The coefficients of various power of x are equated to zero. The coefficient of the
lowest degree term in x when equated to zero will result in a quadratic equation
( indicial equation ) in k giving two roots kl, k.

>  Further 4, # Oand a1, 8,,4,. .. willbe interms of 4, only & these will be substituted

in the assumed series solution. This will give y = ay +F (x), F(x) being an
infinite series.
» Assuming that k;, k, are real, distinct and donot differ by an integer

y, =a, HUF (x) &y, = ao'?ckz F (x )are two linearly independent solutions of (1).

» oy = Ay + By, constitutes the general solution of (1).

Unit-IV : Partial Differential Equations (PDE)

Formation of PDE

»  Given a relationship of the form f(x,y, z, a, b) = 0, wherez = z(x, y)and
a, b are arbitrary constants, the given relation is differentiated partially w.r.t
x, y. Elimination of 2, b from all these relations will give the PDE.

» lfzisarelationship involved with two arbitrary functions, partial derivatives upto
second order are found to eliminate the arbitrary functions for forming the PDE.
Solution of non homogeneous PDE by direct integration

In this method the dependent variable which being the solution is found by removing
the differential operators through integration.

When integrated w.r.tx (say) a function of y is to be added, as a arbitrary constant and
vice versa.
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Solution of homogeneous PDE involving derivatives with respect to one
independent variable only

The PDE is treated as an ODE and the solution is found first. The arbitrary constants
in the solution are then replaced by arbitrary functions of the other variable giving the
solution of PDE.

Solution of Lagrange’s linear PDE: Pp+ Qg = R

. . _dx dy dz, .
»  Auxilarly equation P-0"R is formed first.

»  Suitable pairs which can be put in the form
» f(x)dx=g(y)dy, g(y)dy="h(z)dz, f(x)dx = h(z)dz are considered.
Integration yields relationsin(x, ¥);(y, 2z}, (z, x)
or
> Multipliers kl, k2' k3 ; kl k), k3’ are considered such that

d_xzi‘yzg kldx+k2dy+k3dz_kl'dx+k2’dy+k3’dz

P Q R kP+kQ+kR  k'P+k/Q+k R

v

Integrating the two new expressions, two independent relations are obtained.

v

Suppose u(x, y,z) =¢ and v(x,y, z) =c, are the two relations,
¢ (u, v) = 0 constitutes the general solutionof Pp+ Qg = R
Method of separation of variables (Product method)
»  Solution of the PDE is assumed in the form of a product.
[Ex:u = XYwhere X = X(x),Y =Y(y)]
» u = XYis substituted into the given PDE to obtain equality of two ODEs.

» Equating each ODE to a common constant k, X (x) and Y ( y) are obtained by
solving the ODEs.

»  Their product XY = u represents the solution of the given PDE.

PART - B

Unit-V : Integral Calculus
Evaluation of double and triple integrals
b yz(x)
» Double integral : I j f{x, y)dydx
x=a y=y (x)
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d x,(y)
Double integral : J- j f{x, y)dxdy
y=c x=x(y)
b v{(x)  z(xy)
» Triple integral : _[ I J. f(x, y, z)dzdydx

x=a y:yl(x) z:zl(x,y)

( Similarly two other forms by cyclic rotation )

Evaluation of I I f(x, y)dxdy over the specific region R
R

Draw the befitting figure from the given description to identify the specific region R.
Then express I in the form (1) or (2) as follow.

b y,(x)
I=[] ftuyyaxdy = | [ fix y)dyax )
R x=a y=y (x)
i R
= | fxy)ydxay @)
y=c x=x,(y)

I' is obtained by the evaluation of (1) or (2).

Evaluation of a double integral by changing the order of integration

Given the integral in either of the above form, say (1) identify the region of integration
Rby writing the figure and express (1) in the form (2). The evaluation of (2) will be the
value of (1) on changing the order of integration. This can be vice versa also.

Evaluation of double integral by changing into polars

Given a double integral, use the substitution x = rcos 8, y = rsin 8 which will give

2+ yz =7 and dxd y = rdrd 8. Change the given limits of integration for x ,y
to r ,0 suitably and evaluate.

Area, Volume and Surface area

L J. Id xdy = Area of the region R in the cartesian form.
R

2. .”r drd® = Area of the region R in the polar form.
R
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3. ” I dxdydz = Volume of a solid.
Vv

4. If z = f(x, y) bethe equation of a surface S then the surface area is given by

i () s

where A is the region representing the projection of S onthe xoy plane.

5. Volume of a solid ( in polars ) obtained by the revolution of a curve enclosing an
area A about the initial line is given by

V= Ijanzsianrde
A

Beta and Gamma functions

1
@ B(mny= | ¥ (1-xy"Vdx; mn>0
0

n2
Gi) B(m, n)y=2 | si® ! 6cos?"! 0 do
6 =0
- m-1 = n-1
(iii)B(m,n)=I—-—£——dx=I x "
0 (1+x)m+?’1 0 (1+x)m H

() T(n)= { et 1at n>0
0

w) T(n)=2 e 2 gy

O e, 8

Properties and standard formulae / standard values
(i) B(m,n)=[3(n, m)
(ii) F'(n)y=(n-1)TI'(n-1) and I'(n) = (n-1)! if nis a positive integer.

I
Gy Bm, ) = )

( Relationship between the beta and gamma functions )
(v} Vr L(2m)=2"""1T(m) I'(m+1/2) (Duplication formula)

) FT(m)(1-m) =n/sinmn, where0 < m < 1



BEATING THE MEMORY 499

i) I'(1)=1T(1/2)=+n, I'(1/4) T(3/4) =n 2,
F(1/3) T(2/3) = 2n/\3, T (1/6) T'(5/6) = 2xn

n/2
wii) [ sin?@ cos76 4o = % B [E;—l iJz’—lJ
0
Unit- VI : Vector Integration
> If IT)(x, Y, z) 1s a vector point function and C is any curve then I = I F.dr

C
is called the vector line integral.

» If F is the force acted upon by a particle in displacing it along the curve C then |
represents the total work done by the force which also represents the circulation of

f)about C.
=, . ) . . =,
» If F'is irrotational then the circulation of F is zero.
Green’s theorem in a plane

If R is a closed region of the xoy plane bounded by a simple closed curve C and if
M and N aretwo continuous functions of x, y having continuous first order partial
derivatives in the region R then

dN M
(£de+Ndy = Ig[a—x-w]dxdy

Stoke’s theorem

If § is a surface bounded by a simple closed curve C and if Fis any continuously
differentiable vector function then

(ﬁ F_'>-d1'_>= churl?-ﬁdS—t II(V X .F—'>)-ﬁdS
¢ $ 3

Gauss divergence theorem

If Vis the volume bounded by a surface S and Fisa continuously differentiable vector
function then

[{[faivFav = [{Ffas
14 S

where 71 is the positive unit vector outward drawn normal to S
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'Unit-VII : Laplace Transforms - 1

> LIf(t)] = j e_Stf(t)dt=?(s)istheLaplacetmnsformoff(t)
0

» L7} [?( $) ] = f(t)is the inverse Laplace transform.

Table of Laplace transforms

) JLIAH] = f(s) f(t) LIf(£)] = f(s)
1, a a > sinh at a
s —a
2 e 1 6. sin at a
s—a s> +a?
3. cosh at $ 7.(a) " Fr(n+1)
52_a2 Sn+1
4. cos at $ 7.(b) § n!
s +a n=1,273,.. gt1

Properties of Laplace transforms

> I LIf(t)] =7(s) then

L LIMF(E)] = Fls—a) 2 LIt"f(t)]=(~1)"s—s,,-[7(5)]
. d = 2 d? -
Inpartlcular,L[tf(t)]=—d—[f(s):|, LIt°f(t) =—5{f(s)]

3. L{ } jf(s)ds a. L{Jf(t)dt] f(—s)

Laplace transform of a periodic function f(¢) having period T

T
[ e=st f(t)a
0]

> LIf(D]=—— 7
Unit step function (Heaviside function)

0, 0<t=<a

» u(t-a) or H(t-::z)={1 t> g



